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From regression to classification with KNN.

Il
Training dataset: 11y..-,1k S.t.0 @y, ..., x; arethe k
D ={(z1,y1),...,(Tn,yn)} given closest neighbors of x:
New data test x € RP: Vien|: |x—x| > sup ||z — x|
j€lk]

e [or regression:
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e For Classification fp(az) = [ where:

Vhoe |kl #{y,;, =1} > #{yi; = h}
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From regression to classification with KNN.

k-nearest neighbors method: Trade-off on the number of neighbors k:

Training dataset: B B
D = {(xlayl)w"?(xnayn)} given k k = 100

New data test € RP:
[

i1y .--,0k St X4, . .., x4, are the k SR
closest neighbors of x: DIIE TS
Vien]: |z -] = sup |z — @i, hetiy e
jE[k] fo¥ og g0 i

f'.fo-":."\.'.iﬁﬁi'c.;'.:ﬁfZ.'f'.:ffi.'fﬁ:

A Y AN v
fp(z) =l where Vh ¢ [k]: LR e
#{yij =1} > #{yij = h} JOen g
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Why not linear regression?

1 it drug overdose

ChOOSG Y =<2 if epileptic seizure
3 if stroke
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Why not linear regression?

Il B
1 if drug overdose 1 if stroke
ChOOSE Y =<2 if epileptic seizure QFr Y =<2 if epileptic seizure
3 if stroke 3 it drug overdose

Why would we put one value in between ?

Y A Regression

drug overdose

Negative and out of
0, 1] predictions: not

epileptic seizure

stroke

much sense!
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Why not linear regression?

Il B
Back to two classes
The annual incomes and monthly credit card balances of a number of individuals.
Orange: defaulted, Blue: did not default.
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Why not linear regression?

Il
Look for an output that stays close to the discrete values
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Why not linear regression?

When more than 2 classes?
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Why not linear regression?

When more than 2 classes?

Need a different encoding:

(1,0,0) if drug overdose
Ex: Y = <¢(0,1,0) if epileptic seizure
(0,0,1) if stroke

eBr,0tlr1X

- Z?:l eBrotpi1X

e [0,1]
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Why not linear regression?
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Why not linear regression?

When more than 2 classes?

Need a different encoding: e1.e5. 250 “one-hot vectors”
Y Y :

All at the same distance from one another
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Why not linear regression?

When more than 2 classes?

Need a different encoding: e1.e5. 250 “one-hot vectors”
Y Y :

All at the same distance from one another

(1,0,0) rug-overdose

Not relevant for our simple methods,

Ex: Y = ¢(0,1,0) epileptic seizure useful for neural network training
(0,0,1) 7 if stroke
66k§,0+6k2,1X
P(Y = k) c [0, 1]

o Z?:l eBrotpi1X

P(Y =1)+PY =2)+P(Y =3) =1
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More details on the setting

Want to understand the relation between the predictors X and the class Y.
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Want to understand the relation between the predictors X and the class Y.

\—; Random vectors

X € RP if p>1: “multiple” or “multivariate” classification

Ye{l,...,k} CRorY €{ey,...,ex} CR* if k> 1: “multinomial” or “multiclass” classification

Dataset or “observations”: (z1,91),..., (Tn,Yn) = n drawings of (X,Y)
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More details on the setting

Want to understand the relation between the predictors X and the class Y.

\—; Random vectors
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Ye{l,...,k} CR, if £ >1: “multinomial” or “multiclass” classification
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More details on the setting

Want to understand the relation between the predictors X and the class Y.

\—; Random vectors

X € RP if p>1: “multiple” or “multivariate” classification

Ye{l,...,k} CRorY €{ey,...,ex} CR* if k> 1: “multinomial” or “multiclass” classification

Dataset or “observations”: (z1,91),..., (Tn,Yn) = n drawings of (X,Y)

New observation x ~ X — good estimation of class y 7
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Logistic regression

Model: P(Y =1) = s(8y + 51.X) with s : t — — (sigmoid)

1+et

Minimize negative loglikelihood:

NL(B) = ), —o —log(1—s(Bo+ frxi)) + 2, _1 — log(s(Bo+ B12:))

k= = = s s s s s s == == ==F K HEI= EIFUA R S-S e iRl l=E sl = = 4 =

I I I I

Probability of Default
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I

e \When k£ classes with &£ > 1
Look for the entries of a matrix

B = (Bn,i)nefr),icp) € RE>P+L with:

eBrot+B1X1+4B1p Xp
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Linear discriminant analysis

Bayes Rule: P(Y =1 | X =2)P( X =2)=P(X =2z |Y =1) P(Y =1)
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Linear discriminant analysis

Bayes Rule: P(Y =1 | X =2)P( X =2)=P(X =z |Y =)P(Y =1
~ ~ \ 7 SR——

our objective = fi1(x) =T

N

P X K £ R g s Cosme LOUART - STA4042 11/20

G ', The Chinese University of Hong Kong, Shenzhen 555 % B R PR



Linear discriminant analysis
Il B
Bayes Rule: P(Y =1 | X =2)P( X =2)=P(X =z |Y =)P(Y =1
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Linear discriminant analysis
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Linear discriminant analysis

Il B
1 BayesRule: P(Y =l | X=2)P( X =2)=PX = |Y=0)PY =1
< ,,,' . ~ / \ ~ N e’
) ) our objective = fi1(x) =
. k k
i P(X =) PY =1|X=2)=>_, filr)m
¥ o & . A ;rl
N ' : — — 1) = fi(z)m
e Finally: P(Y =1 | X = x) SE ()
X,
In the case of known laws X | Y =1 ~ N (u, %)),
—3(@—p) "5 (w—m)
N : €eXp =2 l
] ie.: fi(z) = P
< v/ (2m)P det(3))
Given data z, look for [ € [k| that maximizes P(Y =1 | X = x)
_ | If ¥y =-.- =X [ discriment: o(x) = 'Y=y — %,ufZ_l,ul + log(m;)
4 ‘l’X 2 — Linear discriminant analysis
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Linear discriminant analysis

Il
C 1 BayesRule: P(Y =l | X=2)P( X =2)=PX = |Y=0)PY =1
«4 U] . ~ / \ ~ N e’
) our objective = fi1(x) =
. k k
N . P(X=x2)) . PY=1l[|X=x)=),_, filt)m
"1/ L3 ) ;rl
N ' : — — 1) = fi(z)m
e Finally: P(Y =1 | X = x) SE ()
X,
In the case of known laws X | Y =1 ~ N (u, %)),
— 3 (w—w) TS (=)
N . exXp =2 ;
] ie.: fi(z) = P
< \/(27T)P det(X;)
Given data z, look for [ € [k| that maximizes P(Y =1 | X = x)
_ If ¥y =-.- =X [ discriment: o(x) = 'Y=y — %,ufZ_l,ul + log(m;)
. ‘l’X 2 — Linear discriminant analysis

%4 XK E R (SR Cosme LOUART - STA4042 i
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Quadratic discriminant analysis

| B N L)
Model: P(Y =1 | X = z) = 3 05—

exp_ % (x_lul)Tzl_l (x_,UJl)

\/(27-(-)19 det(ZZ)

e Linear discriminent analysis: (31 =--- =3, = )

with:  fi(x) =

oi(x) = 2Ty — 2pd X7y + log(m)

B R $ R a) (SR Cosme LOUART - STA4042 .
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Quadratic discriminant analysis

il B
i fg(x)ﬂ'l
Model: P(Y =1 | X =x) = SE (o)
— 5 (@—p) TS (- w)
: with :  fy(z) = =P l
e \/(27T)p det(X;)
<
e Linear discriminent analysis: (31 =--- =3, = )

Oy(x) = xSy — Sl B + log(my)

. . o . . e Quadratic discriminent analysis: (the covariances are different)

oi(z) = — o' S+ 28 = Tl Sy + log(m) — £ log(det(3)))

— More flexible | but More precise 7

In practice, (,ul)le[ k] (31)1e[k) estimated with VI € [£]: Pb: Estimation of covariance
n highly sensitive to noise.
= Z z; and Y = Z (a:z-—,ul)(xi—,ul)T
1=1,y;,=I 1=1,y,=I

T o Sﬁf\#ﬁ"sﬁém Cosme LOUART - STA4042 .

of Hong Kong, Shenzhen BRKEER



Naive Bayes

| Always works but lacks some flexibility
J L I I Strong hypothesis: All predictors X, ..., X, idpts.

Implies all ; diagonal and fi(z) = fi(z1)--- fi(xp)

Density estimates for class k=2 (Increase bias but decreases variance)
f2

le f23
- Estimation of the f;,;, [ € [k], i € [p]:
|1 (e )?
: : 207
Iﬂ %L I e Gaussian assumption f; ;(z) = £ NoTe
l,i
-

S e Directly take histogram f; ;(x) = Zbebins Leebpy

Discriminant analysis again, given x € RP choose [ that maximizes:

2

P(Y = | X = 2) = — 1™
> _h=1 Jn(@)mh

CGR I
ese University of Hong Kong, Shenzhen
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Comparison

SCENARIO 1 SCENARIO 2 SCENARIO 3
(]
s} —
';‘,?l o
O —_—T
— o 5 ©
: @ 3 o
=) ' o 1 o
< : ! . .
o ' o —_ o
' ! o | < 4
. o 2 H o
o | —— - 9| B i
S‘IIT : S é 3
' ' o
: o o i
| o : -
84 1 - W T | 8 T
o 5 ' ° - E 8 - : l — 3 ©
: 4 T : : © 5 : E |
i : ; : | | : ‘ 0 -
: L ' : : N A :
8 =l N 1 B = - |
© : , . ! : : : : - | -
E : 5 I 2 — : : 3 2
T T T T I T T T T T I T T T T T
[&] [72] [&] [72] Q [72]
1 o 5 = 8 3 1 o 5 = 8 3 1 o 5 = 8 3
= 2 3 § g 8 s £ - % § ° : £ ° § § ©
X E 3 = X E 3 =z X E 3 b=d

Senario 1:

e 20 training Gaussian observation
e Observations uncorrelated

— k-means too deterministic, QDA too flexible
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Comparison

SCENARIO 1 SCENARIO 2 SCENARIO 3
(]
B .
L‘r"). o
O —_—T
— ° | ©
. @ - g_
o © 1 o
< | o o
S : . —— o
| S : <
: s : e —_
o q i |
i © 5 &
: P
: —_ o -—~
e : ° : @
S 8 : L 3 °
o RE E ‘
: : ‘ m -
[—— . : N N_ :
w ‘mm B =
Q : :
© , : : i : : i | -
; e o ‘Lt_)._ — X . ! 8—
T T T T I T I T T T T I T I T T T T
T = = 2 3 = T 2 = 2 3 = T = = 2 3 <
= i 7 § g ¢ = i 7§ 5 ¢ s i 7§ g ¢
¥ z S z ¥4 z S z ¥4 z S z

Senario 1:

Senario 2:

e 20 training Gaussian observation

e Correlation of —0.5 between predictors

— Naive bayes independence assumption not
satisfied

e 20 training Gaussian observation
e Observations uncorrelated
— k-means too deterministic, QDA too flexible
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Comparison

Il

SCENARIO 1 SCENARIO 2 SCENARIO 3
. 3 | - Senario 3:
T 3 | 2 e 20 training 7-distributed
) H - 2 observation
g b I g e Correlation of —0.5 between
o 0 B —— - — predictors
° : l T 7 I L — LDA, QDA assumtions
g EEE== T EE = f -.- i violated

Senario 1:

Senario 2:

e 20 training Gaussian observation

e Correlation of —0.5 between predictors

— Naive bayes independence assumption not
satisfied

e 20 training Gaussian observation
e Observations uncorrelated
— k-means too deterministic, QDA too flexible
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Comparison

SCENARIO 4 SCENARIO 5 SCENARIO 6

0.45

0.40

0.40

Q
—_
'

0.35
%
0.25

}.__

-
f

|
-l
|
|
0.20
ik
]
|
-l

0.30
%
%

}..

018 020 022 024 026 028 030 0.32
1 | 1 | | 1 | 1
1
i
0.30 0.35
i
<{ @
<| oo0
%,

0.15

KNN-1
KNN-CV -
LDA -
Logistic
NBayes
KNN-1
KNN-CV  |--------
LDA -
Logistic
NBayes
QDA -
KNN-1
KNN-CV
LDA ~
Logistic
NBayes
QDA -

Senario 4:

e 20 training Gaussian observation

e Correlations between predictors different
between two classes

— perfect fit of QDA method (decision boundary
non linear)
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Comparison

SCENARIO 4 SCENARIO 5 SCENARIO 6

0.45

0.40

0.40

Q
—_
'

0.35
%
0.25

}.__

-
f

|
-l
|
|
0.20
ik
]
|
il

0.30
%
%

}..

018 020 022 024 026 028 030 0.32
1 | 1 | | 1 | 1
1
i
0.30 0.35
i
{ ®
<| oo0
%,

Senario 4: Senario 5:
e 20 training Gaussian observation e 20 training Gaussian observation
e Correlations between predictors different e Response Y logistic image of non linear
between two classes transformation of predictors X
— perfect fit of QDA method (decision boundary — k-means robust to this difficult setting
non linear)
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Comparison

il B
SCENARIO 4 SCENARIO 5 SCENARIO 6

0.45

Senario 3:

0.40

0.40

s | ° : e O training Gaussian

| Lo observations

| 0 e no correlation between
T predictors but variance different

0.35

i
e

0.35
018 020 022 024 026 028 030 0.32
1 | 1 | 1 1 | 1
0.30

- L *- N - L | E !!- : between classes
. i i o T - — independence is a perfect fit
for naive Bayes
= g > 2 ? s > 2 ? s -2 — variance too high for QDA
Senario 4: Senario 5:
e 20 training Gaussian observation e 20 training Gaussian observation
e Correlations between predictors different e Response Y logistic image of non linear
between two classes transformation of predictors X
— perfect fit of QDA method (decision boundary — k-means robust to this difficult setting
non linear)
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More general methods: Empirical risk minimization

Here, no specific model for the data (flexible parametric method).

1 n
Minimize— » (R (i), Ys AT (Y5 ), R?
|n|m|zen; (how (27),y:) + r(y;) w €

B R $ R a) (SR Cosme LOUART - STA4042 o
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More general methods: Empirical risk minimization

Here, no specific model for the data (flexible parametric method).

1 n
Minimize— Z (A (25),y:) +  Ar(y;) w € RY
n 1 \ ~ ~ N——
Loss Regularization
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More general methods: Empirical risk minimization

Here, no specific model for the data (flexible parametric method).

l — | .
Minimize— Z (A (25),y:) +  Ar(y;) w € RY hw: hypothesis
7 ~ < N—— w: parameter
Loss Regularization
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More general methods: Empirical risk minimization

Here, no specific model for the data (flexible parametric method).

l — | .
Minimize— Z (A (25),y:) +  Ar(y;) w € RY hw: hypothesis
7 ~ < N—— w: parameter
Loss Regularization

r: regularizing loss, will be studied later in the lecture on interpolation vs extrapolation.
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More general methods: Empirical risk minimization

Here, no specific model for the data (flexible parametric method).

l — | .
Minimize— Z (A (25),y:) +  Ar(y;) w € RY hw: hypothesis
7 ~ < N—— w: parameter
Loss Regularization

r: regularizing loss, will be studied later in the lecture on interpolation vs extrapolation.

Example

Ridge regression: Minimize + > ||8z; — ui||*> + A||B]|?, B € RP

n

B R $ R a) (SR Cosme LOUART - STA4042 o
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More general methods: Empirical risk minimization

Here, no specific model for the data (flexible parametric method).

l — | .
Minimize— Z (A (25),y:) +  Ar(y;) w € RY hw: hypothesis
7 ~ < N—— w: parameter
Loss Regularization

r: regularizing loss, will be studied later in the lecture on interpolation vs extrapolation.

Example

Ridge regression: Minimize + > ||8z; — ui||*> + A||B]|?, B € RP

n

Lasso: Minimize = > | [|8z; — vl + M|Bll1, B €RP

A on) (e Cosme LOUART - STA4042 o
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More general methods: Empirical risk minimization

Here, no specific model for the data (flexible parametric method).

I\/||n|m|ze— Zl Ar(yi) w € RY h.: hypothesis
SN—— w: parameter
Loss Regularization

r: regularizing loss, will be studied later in the lecture on interpolation vs extrapolation.

Example

Ridge regression: Minimize £ Y7 | ||Bx; — yi||* + Al|B]|?, B € RP
Lasso: Minimize = > | [|8z; — vl + M|Bll1, B €RP

Support vector machines (SVM): Minimize + >  max(1 — (81 z; + b)y;) + A|B|I*, B € RP.
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More general methods: Empirical risk minimization

Here, no specific model for the data (flexible parametric method).

l — | .
Minimize— Z (A (25),y:) +  Ar(y;) w € RY hw: hypothesis
7 ~ < N—— w: parameter
Loss Regularization

r: regularizing loss, will be studied later in the lecture on interpolation vs extrapolation.

Example

Ridge regression: Minimize £ Y7 | ||Bx; — yi||* + Al|B]|?, B € RP
Lasso: Minimize = > | [|8z; — vl + M|Bll1, B €RP
Support vector machines (SVM): Minimize + >  max(1 — (81 z; + b)y;) + A|B|I*, B € RP.

Playing on losses can allow to go from classification to regression

|G e Cosme LOUART - STA4042 o
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Some words about “Support vector machines”

Support vector machines (SVM): Minimize + >  max(1 — (81 z; + b)y;) + A|B||*, B € RP.

Closely related to so-called “Maximal Margin classifier”,
very popular from the 90's

Decision boundary linear — improvement with Kernel
SVM:

—-
=
-
%]
Ll

GE )
f Hong Kong, Shenzhen
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Some words about “Support vector machines”

Support vector machines (SVM): Minimize £+ >  max(1 — (87x; + b)y;) + M|B]|?, B € RP.

n

Closely related to so-called “"Maximal Margin classifier”,
o - very popular from the 90's
. Decision boundary linear — improvement with Kernel
SVM:
N T s % @
& OO » " o | - Decision surface
o C N o T
° - o u"m e kernel a%nat
o © m g%n o 'l=.':l
%o .- .l. l. " o ’ T s ..:I.
o) o.:.-n [ JPN = ===
T - OOOOO 5" 80 ; O~Ofooo%goqao Oc? &08
o © o0 %88000 0 0000~
oo o o0 o 0° %=
o] ~
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Regression losses Y € R

I\/||n|m|ze— Zl —y;) + Ar(y;) w € RY how(x;) —yi — 2
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Regression losses Y € R

Il
I\/I|n|m|ze— Zl —1;) + Ar(y;) w € RY ho(23) — Y5 > 2
5 —
45 — Squared loss: [(z) = 2°
al — g Used for LSR, sensitive to outliers
—Huber55=1g
35}
3
[(z) 25
ol | -
15}
1r \ , . .
05} \/
3 2 1 0 1 >
2
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Regression losses Y € R

Il
I\/||n|m|ze— Zl —y;) + Ar(y;) w € R1 haw (Ti) — yi > 2
°[ 2
4.5 — s Squared loss: | (Z) =7 |
al — g Used for LSR, sensitive to outliers
—Huber{ﬁﬂg
35
. Absolute loss: [(z) = |z|
, - Provides median labels, less sensitive to outliers, non
(2) '2_ differentiable in zero
15}
1 il \ . /
ot | , | |
3 > 1 0 1 >
2

=)
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Regression losses Y € R

Il B
I\/||n|m|ze— Zl —y;) + Ar(y;) w € R1 haw (Ti) — yi > 2
5_
4.5 — s Squared loss: [(z) = 27
al :EEDE?EE?} Used for LSR, sensitive to outliers
3'2 Absolute loss: [(z) = |z|
, - Provides median labels, less sensitive to outliers, non
(%) '2_ differentiable in zero
191 Huber loss: [(z) = 22 if 2] < §, [(z) = 26|z| — 6% othws.
T \/ - Advantages of squared and absolute loss.
0.5
o | , | | |
3 2 1 0 : 2 3

R I Sgg'T'ROSIEEENCE Cosme LOUART . STA4042 ]_8/20
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Regression losses Y € R

Il
I\/I|n|m|ze— Zl —¥i) + Ar(y:) w € RY hao (i) — yi > 2
5 -
e —Squared Squared loss: [(z) = 2°
al —n '3.“{’%';53 Used for LSR, sensitive to outliers
——Huber (6=1
3'2* Absolute loss: [(z) = |z|
l . Provides median labels, less sensitive to outliers, non
(2) '2_ differentiable in zero
1.5 Huber loss: [(z) = 22 if |z] < §, I(z) = 20|z| — 6° othws.
i \/ - Advantages of squared and absolute loss.
0.5
oL ] .1 : 1. . . Log-cosh loss: [(z) = log(cosh(z)) (where
cosh(z) = <t2—)
© Like Huber loss but twice differentiable in O.
ITZIL) g, Shenzhen SEES;:?};E;C; Cosme LOUART . STA4042 18/20




Classification losses Y € {—1,1}

I\/||n|m|ze— Zl w( i) yi) + Ar(y;) w € RY hoo (23)y; — 2

In logistic regression look for 8 € RP that minimizes:

6,8T£C7; eBT:Uz
o) - s 1 e

yi=1

log (1= 575 ) = —1BE) = ~UB i - y:) iF s = 1

14e e

5T5L'¢ .
log (1—T—GBT‘B?1) = log (e—ﬁTl ; ) — —Z(BTLEZ' ;) if g, = —1.
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Classification losses Y € {—1,1}

Il
I\/||n|m|ze— Zl w( i) yi) + Ar(y;) w e RY h (3)yi — 2
[ —TFiinge Logistic loss: [(z) = log(1 + e~ %)
4.5 ——Logistic .. . e e .
_ Exponential Used for logistic regression, probabilistic interpretation
In logistic regression look for 8 € RP that minimizes:
Bl x; B x;
e e
B Z ‘o8 <1+eﬁ%> B Z ‘g (1 N 1+eﬁ%)
yi=1 Yyi=—1
eBTm' x
5| \ log (1= 7257 ) = —1(87) = ~U(B s - yi) if yi = 1
o] | | | L —
-3 -2 -1 0 1 2 3 eflei N _ e
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Classification losses Y € {—1,1}

Il
I\/||n|m|ze— Zl w( i) yi) + Ar(y;) w € R I (4)yi > 2
°[ —TFiinge Logistic loss: [(z) = log(1 + e~ %)
4.5 ——Logistic .. . e e .
__ Exponentia Used for logistic regression, probabilistic interpretation

Hinge loss: [(z) = max(1 — 2,0)
Used for Support vector machines (distance between
margin and closest point)
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Classification losses Y € {—1,1}

Il
I\/||n|m|ze— Zl w( i) yi) + Ar(y;) w € R I (4)yi > 2
°[ —TFiinge Logistic loss: [(z) = log(1 + e~ %)
4.5 ——Logistic .. . e e .
__ Exponentia Used for logistic regression, probabilistic interpretation

Hinge loss: [(z) = max(1 — 2,0)
Used for Support vector machines (distance between
margin and closest point)

Exponential loss: [(z) = e~ 7
Agressive loss used for Adaboost (very sensitive to noise,

\ works in very particular cases)
0_ I 1 | i - 1
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Classification losses Y € {—1,1}

Il
I\/||n|m|ze— Zl w( i) yi) + Ar(y;) w € R I (4)yi > 2
°[ —TFiinge Logistic loss: [(z) = log(1 + e~ %)
4.5 ——Logistic .. . e e .
__ Exponentia Used for logistic regression, probabilistic interpretation

=)
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Hinge loss: [(z) = max(1 — 2,0)
Used for Support vector machines (distance between
margin and closest point)

Exponential loss: [(z) = e~ 7
Agressive loss used for Adaboost (very sensitive to noise,
works in very particular cases)

Zero-one loss: [(z) = 1,
Final loss used to evaluate the performance of a model.
Not continuous so almost impractible for optimization
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