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A general regression example

Consider a general regression problem:
e p random variables X1 ... X ()
e a target random variable Y = f(X(1), ... XP))

ex: Independent drawing = individual,
X .. X®) are some charasteristics of each individual (years

‘ ‘ ‘ ‘ ‘ of education, seniority...) Y is the level of income

Goal: Given a training data set (= n independent drawings of Y

INTERPRETBILITY ARl )
VS D={(x1,y1),.-., (Tn,Yn)}

— Approximate f with a mappingf s.t. Y %f‘ (X).
FLEXIBILITY 7 7

Simple solution:
Look for f . (Qj(l)’ o ’x(p)) —> ﬁlx(l) _|_ c .. _|_ 52933(19)
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A general regression example
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A general regression example

New test
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A general regression example

Il
New test
point
X = (z1,...,2,) € RP*": Input
i% S Y =(y1,...,yn) € R™ Output

B minimizes ||3X — Y||?

Solution: 8= (XX1)"1XY e RP

“Parametric model”: look for 5y, 81, B2 s.t.:
“Income” = [y + B1"y. o. education” + (5 “seniority”
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A general regression example
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“Parametric model”: look for By, 81, B2 s.t.: Best polynomial fit to the data Y = P(X)
“Income” = [y + B1"y. o. education” + (5 “seniority”
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A non parametric method instead of regression: KNN

k-nearest neighbors method:

Supervised method:
D={(x1,y1),..., (Tn,yn)} given
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A non parametric method instead of regression: KNN

k-nearest neighbors method:

Supervised method:
D={(x1,y1),..., (Tn,yn)} given

New data test € RP:

e Look for iy,... %, s.t.i @iy, ..., T4,
are the k closest neighbors of x:

Vien]: |lz—x > sup ||z — x;, |-
JElk]
|k
. fD(x) = E Zyzg
j=1
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A non parametric method instead of regression: KNN

k-nearest neighbors method:

Supervised method:
D={(x1,y1),..., (Tn,yn)} given y
New data test € RP:

e Look for iy,... %, s.t.i @iy, ..., T4,
are the k closest neighbors of x:
Vien]: |lz—x > sup ||z — x;, |-
jelk] i o -

1 k > o N

¢ fD(x) — E Zyzg
j=1 - - -

Method highly relies on the M -
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A non parametric method instead of regression: KNN

Training dataset: D = {(z1,y1),...,(Zn,yn)} given

Least squared regresion (LSR)
fo(z) = Box'™ + -+ + BpaP)

where 3 = arg min Bz —yl|?
5 Zu .
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A non parametric method instead of regression: KNN

Il N
Training dataset: D = {(z1,y1),...,(Zn,yn)} given
Least squared regresion (LSR) . k-nearest neighbors method (KNN):
fo(x) = Box'V + - + B,z N TR k nearest neighbors of  and:

where 3 = arg min Bz —yl|?
5 Zu .

e With linear model, LSR better
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A non parametric method instead of regression: KNN

Il
Training dataset: D = {(x1,y1),.--, (Tn,Yn)} given
Least squared regresion (LSR) . k-nearest neighbors method (KNN):
fo(x) = Box'V + - + B,z N TR k nearest neighbors of  and:
' 1
where B—argmmZHﬁ z —yl|*. - EZ
BERP j=1
e With linear model, LSR better e More complex model of data: KNN better
" |Black: model °, . ° . S
_ |Blue dashed: _ 24 KNN MSE / g
LSR ' come—e”” ) e |
> o §_ N > ) 3 /o/
: | LSRMSE : R
-1.0 -0.5 0)_(0 05 1.0 0.2 y 05 1.0 o e x ' ' ' " ' '

=)
of Hong Kong, Shenzhen

G St Cosme LOUART - STA4042 /10




A non parametric method instead of regression: KNN

When dimension grows, with fixed amount of data in training data set (n constant)
KNN highly dependent on the variance of the data: lack of interpretability.

(Here model of data non-linear because otherwise least squares regression would be always performing better)
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Maximum likelihood (interpretable parametric method)

We know the model of X, we want to “fit the model”
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Maximum likelihood (interpretable parametric method)

We know the model of X, we want to “fit the model”

% Find the parameters defining the model

Ex: X follows a Gaussian
distribution
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Maximum likelihood (interpretable parametric method)

We know the model of X, we want to “fit the model”

% Find the parameters defining the model

Ex: X follows a Gaussian
distribution Have a set of drawings
4----------- > {xl, .« o ,xn}

T3 x1 T4 x5 To Ty
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Maximum likelihood (interpretable parametric method)

We know the model of X, we want to “fit the model”

% Find the parameters defining the model

Ex: X follows a Gaussian
distribution Have a set of drawings
4----------- > {xl, .« o ,xn}

( “Likelihood of 4" |----ooooo_.__.
Depends on z4

But also on i and o!

T3 x1 T4 xs To Ty

Maximize: [[;_, fuo(zi), p,0>0
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We know the model of X, we want to “fit the model”

% Find the parameters defining the model

Ex: X follows a Gaussian
distribution Have a set of drawings
4----------- > {xl, .« o ,xn}
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Depends on z4

But also on i and o!

T3 x1 T4 xs To Ty

Maximize: [[;_, fuo(zi), p,0>0 <~  Maximize: > " log(fuo(zi)) p,0>0
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Maximum likelihood (interpretable parametric method)

We know the model of X, we want to “fit the model”

% Find the parameters defining the model
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distribution N o Have a set of drawings
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Gaussian likelihood - Ordinary least square regression (LSR).
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Gaussian likelihood - Ordinary least square regression (LSR).

Y € R: Target
- | X € RP: data
Model: Y = ' X + ¢, with: e €R, e ~N(0,0%): noise

B € RP: regression vector
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Gaussian likelihood - Ordinary least square regression (LSR).

Y € R: Target
- | X € RP: data
Model: Y = ' X + ¢, with: e €R, e ~N(0,0%): noise

B € RP: regression vector

Given data set (z1,91),--., (Tn, Yn),
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Gaussian likelihood - Ordinary least square regression (LSR).

Il
Y € R: Target
| X € RP: data
Model: Y = 87X + ¢, with: e €R, € ~ N(0,52): noise

B € RP: regression vector

Given data set (z1,91),--., (Tn, Yn),

T, 2 exp( =iz, i)
yi ~ N (87 2;,0%) thus fa(y,) = "2 2=

B XK R (SR Cosme LOUART - STA4042 8/10

ese University of Hong Kong, Shenzhen B30 % B R




Gaussian likelihood - Ordinary least square regression (LSR).

Il
Y € R: Target
| X € RP: data
Model: V' = 57X +¢, with: e €R, e ~ N(0,0%): noise
B € RP: regression vector
Given data set (z1,y1),-- -, (Tn,Yn),
i Negative Log-likelihood:
oxry( —wi=Bw)? N —BT2:)? | log(2m) |
i ~ N (B71,0%) thus fi(y:) = "2 20— L(B) = XLy Mgt + 25575 + log o)
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Gaussian likelihood - Ordinary least square regression (LSR).

Il
Y € R: Target
| X € RP: data
Model: V' = 57X +¢, with: e €R, e ~ N(0,0°%): noise
B € RP: regression vector
Given data set (z1,y1),-- -, (Tn,Yn),
i Negative Log-likelihood:
oxry( —wi=Bw)? N —BT2:)? | log(2m) |
i ~ N (B71,0%) thus fi(y:) = "2 20— L(B) = XLy Mgt + 25575 + log o)

Minimize L(8) <=  Minimize ||V — 87X ||?

With Y =(y1,...,yn) € R™,
X = (x1,...,Tpn) € RPXT

B R $ R a) (SR Cosme LOUART - STA4042 il

ese University of Hong Kong, Shenzhen B30 % B R




Gaussian likelihood - Ordinary least square regression (LSR).

Il
Y € R: Target
| X € RP: data
Model: V' = 57X +¢, with: e €R, e ~ N(0,0%): noise
B € RP: regression vector
Given data set (z1,y1),-- -, (Tn,Yn),
i Negative Log-likelihood:
oxry( —wi=Bw)? N —BT2:)? | log(2m) |
Yi NN(5T$i,02) thus fﬁ(yz) — all \/2—;;2 : L(ﬁ) — Zi:l g 2602 ) | g(2 ) | lOg(O')

Minimize L(8) <= Minimize |Y — 8! X||?
X = (z1,...,2n) € RPN “Ordinary least square regression”
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Poisson likelihood - Poisson Regression.

Poisson distribution is used to model number of apperence of a random event in a given interval.
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Poisson likelihood - Poisson Regression.

Il
Poisson distribution is used to model number of apperence of a random event in a given interval.

Ex: number of accident in one year, number of travels in one year, number of calls in one hour,
number of day cases during an epidemy...
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Poisson likelihood - Poisson Regression.

Il
Poisson distribution is used to model number of apperence of a random event in a given interval.

Ex: number of accident in one year, number of travels in one year, number of calls in one hour,
number of day cases during an epidemy...

Law: f(k) = 27e>

k!
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Poisson likelihood - Poisson Regression.

Il
Poisson distribution is used to model number of apperence of a random event in a given interval.

Ex: number of accident in one year, number of travels in one year, number of calls in one hour,
number of day cases during an epidemy...

Law: f(k) = //\e_TQ_A A: expected number of appearence.
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Poisson likelihood - Poisson Regression.

Il
Poisson distribution is used to model number of apperence of a random event in a given interval.

Ex: number of accident in one year, number of travels in one year, number of calls in one hour,
number of day cases during an epidemy...

Law: f(k) = %@—A A: expected number of appearence.

. . . T
For the Poisson regression the mean is not A = 7z but A =¢e” " “
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Poisson likelihood - Poisson Regression.

Poisson distribution is used to model number of apperence of a random event in a given interval.

Ex: number of accident in one year, number of travels in one year, number of calls in one hour,
number of day cases during an epidemy...

Law: f(k) = %Q—A A: expected number of appearence.

. . . T
For the Poisson regression the mean is not A = 7z but A =¢e” " “

Given data set (x1,Y1),-- -, (Tn,Yn),
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Poisson likelihood - Poisson Regression.

Il
Poisson distribution is used to model number of apperence of a random event in a given interval.

Ex: number of accident in one year, number of travels in one year, number of calls in one hour,
number of day cases during an epidemy...

Law: f(k) = /I\;@ A A: expected number of appearence.

. . . T
For the Poisson regression the mean is not A = 7z but A =¢e” " “

Given data set (x1,Y1),-- -, (Tn,Yn),

Negative log likelihood: L(3) = S_7 e ® — ;8T a; + log(y:!)
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Poisson likelihood - Poisson Regression.

Il
Poisson distribution is used to model number of apperence of a random event in a given interval.

Ex: number of accident in one year, number of travels in one year, number of calls in one hour,
number of day cases during an epidemy...

Law: f(k) = /I\;@ A A: expected number of appearence.

. . . T
For the Poisson regression the mean is not A = 7z but A =¢e” " “

Given data set (x1,Y1),-- -, (Tn,Yn),

Negative log likelihood: L(3) = S_7 e ® — ;8T a; + log(y:!)

No closed-form solution for 8 = Argmingcp, L(5).
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Poisson likelihood - Poisson Regression.

Il
Poisson distribution is used to model number of apperence of a random event in a given interval.

Ex: number of accident in one year, number of travels in one year, number of calls in one hour,
number of day cases during an epidemy...

Law: f(k) = %@—A A: expected number of appearence.

. . . T
For the Poisson regression the mean is not A = 7z but A =¢e” " “

Given data set (x1,Y1),-- -, (Tn,Yn),

Negative log likelihood: L(3) = S_7 e ® — ;8T a; + log(y:!)
No closed-form solution for 8 = Argmingcp, L(5).

Use an optimizer to compute .
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Interpretability or flexibility?

No good answer!

Most of the techniques using loglikelihood can be classified under the larger
class of “Empirical risk minimization” method:
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Interpretability or flexibility?

No good answer!

Most of the techniques using loglikelihood can be classified under the larger
class of “Empirical risk minimization” method:

Minimize: R(h) = > ", L(h(z;),y;), h:RP — R?
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Interpretability or flexibility?

No good answer!

Most of the techniques using loglikelihood can be classified under the larger
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class of “Empirical risk minimization” method:

Minimize: R(h) = > ", L(h(z;),y;), h:RP — R?

h: “hypothesis”, in regression tasks, hg : z — 1z

Multiple choices of L, h — more flexible methods.
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Interpretability or flexibility?

No good answer!

Most of the techniques using loglikelihood can be classified under the larger
class of “Empirical risk minimization” method:

Minimize: R(h) = > ", L(h(x;),y;), h:RP — R?

h: “hypothesis”, in regression tasks, hg : z — 1z
Multiple choices of L, h — more flexible methods.

When interpretation is available, always prefer interpretable methods.
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