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Interpolation and Extrapolation
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Extrapolation: predict outside of the data zone

» Geometric opposition not relevant in machine learning (except in “transfer
learning” ) because no points arrive outside of the data zone

o In statistical learning no model fits the data because of intrinsic noise
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Example with k-nearest neighbors

Trade-off on the number of neighbors k:

k = k = 100
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Example with k-nearest neighbors

Trade-off on the number of neighbors k:

k = k = 100

Overfitting Bad interpolation
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Example with k-nearest neighbors

mE .
Trade-off on the number of neighbors k:
| k= 100 Look for a trade-off
o Training Errors
g - Test Errors
0.01 0.02 0.05 0.10 0.20 0.50 1.00

Overfitting Bad interpolation

1/K
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Overfitting: Geometrical interpretation
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Overfitting: Geometrical interpretation

Algo decision
boundary
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Overfitting: Geometrical interpretation
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Overfitting: Geometrical interpretation

° . U s Overfiting error

Remarks:

Algo boundary too complicated — need to
simplify the model

° = Too flexible, need a more interpretable model
Algo decision ¢ | th larity of the “h thesis’ or
boundary . ncrease the regularity of the “hypothesis” o
Optimal decision \ ® prediction™ f,
boundary *

In general setting, requires to bound w

Regularization
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Overfitting: Statistical interpretation with Bias-variance tradeoff

Il
low variance | high variance Given a test data x € RP evaluate
A A prediction fp(x) =~ f*(x) as a
; ) random variable depending on the
2 o /(%) § o /(@) data set D
> > >
®)
N Depends on two quantities:
.............................................. Bias:
A A Ep[fp(X) — f*(X)]
0 o [*(z) o /*(z) Variance:
ks > > 5
£ Ep[(fp(X) —Ep[fp(X)])7]
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Overfitting: Statistical interpretation with Bias-variance tradeoff

Il
low variance | high variance Given a test data x € RP evaluate
A A prediction fp(x) =~ f*(x) as a
; i random variable depending on the
2 o/ (") § o /@) data set D
= > >
@) :
- |deal Depends on two quantities:
.............................................. Bias:
A A Ep[fp(X) — f*(X)]
0 o [*(z) o /*(z) Variance:
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Overfitting: Statistical interpretation with Bias-variance tradeoff

Il
low variance | high variance Given a test data z € RP evaluate
A A prediction fp(x) =~ f*(x) as a
; i random variable depending on the
2 o/ (") § o /@) data set D
= > >
@) :
- |deal Depends on two quantities:
.............................................. Bias:
A A Ep[fp(X) — f*(X)]
0 o /7 (z) o f*(x) Variance:
Q > > 5
£ Ep|(fp(X) —Ep|fp(X)])7]
= Bad
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Overfitting: Statistical interpretation with Bias-variance tradeoff

Il
low variance | high variance Given a test data x € RP evaluate
A | A prediction fp(x) ~ f*(x) as a
. i ; random variable depending on the
2 o/ () § o f(x) data set D
= > >
O .
Depends on two quantities:

Bias:

Eplfp(X) — f*(X)]

Variance:

Ep[(fp(X) —Ep[fp(X)])?]

Bad
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Overfitting: Statistical interpretation with Bias-variance tradeoff

Il
low variance | high variance Given a test data x € RP evaluate
A i A prediction fp(x) =~ f*(x) as a
' random variable depending on the
o /@) data set D
>
Too complex Depends on two quantities:

No regularization
e Bias:

Eplfp(X) — f*(X)]

L o [*(x) Variance:
._6 e e
£ Ep[(fp(X)—Ep[fp(X)])?]
y= Bad
BITIBGI e | G Bt Cosme LOUART - STA4042 5/15




Overfitting: Statistical interpretation with Bias-variance tradeoff

Il
low variance | high variance Given a test data x € RP evaluate
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No regularization
e Bias:
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o [ () Variance:
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Overfitting: Statistical interpretation with Bias-variance tradeoff

B Bl
A classical behavior:
Error A Bias
—— Variance
—— Total error
|
Model
complexity
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Overfitting: Statistical interpretation with Bias-variance tradeoff

B
A classical behavior:
Error Bias
—— Variance
—— Total error

Optimal Model
Model Complexity complexity
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Overfitting: Statistical interpretation with Bias-variance tradeoff
Model: Y = f*(X) 4 ¢, with f* determinist and E[¢] =0
Given a data set D = {(z1,vy1),..., (Tn,yn)}, compare fp(X) with Y

Epclllfo(z) = YI*] =Epllfp(@) — f*(z) + f*(x) = Y|
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Overfitting: Statistical interpretation with Bias-variance tradeoff
Model: Y = f*(X) 4 ¢, with f* determinist and E[¢] =0
Given a data set D = {(z1,vy1),..., (Tn,yn)}, compare fp(X) with Y

Epclllfo(z) = YI*] =Epllfp(@) — f*(z) + f*(x) = Y|

Given two independent random vectors X, Y € RP such that E[X| =0 or E[Y] = 0:
E[lX = Y[I*] = E[IX ] + E[]Y]]*].

Proof: E[||X — Y||?] = E[||X|]?] + 2E[X"Y] + E[||Y*] = E[||X|[]?] + E[|Y|?] + 2E[X]"E[Y]
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Overfitting: Statistical interpretation with Bias-variance tradeoff

Model: Y = f*(X) 4 ¢, with f* determinist and E[¢] =0

Given a data set D = {(z1,y1),---, (Tn,Yn)}, compare fp(X) with Y:
Independent

Ep..[|fo(z) ~ YI?] =Ep.[lfo(z) T () + £ @) -V |2

N

Ec[...]=E[e]=0

Given two independent random vectors X, Y € RP such that E[X| =0 or E[Y] = 0:
E[lX — Y[I*] = E[IX "] + E[I[Y]*].

Proof: E[||X — Y||?] = E[||X|]?] + 2E[X"Y] + E[||Y*] = E[||X|[]?] + E[|Y|?] + 2E[X]"E[Y]
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Overfitting: Statistical interpretation with Bias-variance tradeoff

Model: Y = f*(X) 4 ¢, with f* determinist and E[¢] =0
Given a data set D = {(z1,vy1),..., (Tn,yn)}, compare fp(X) with Y
Epc[llfo(z) = Y] =Epc[lfo(z) - f*(=)+ f*(x) = Y|

=Epcllfp(x) = f*@)°] + Ep e[| f*(z) = Y|

Given two independent random vectors X, Y € RP such that E[X| =0 or E[Y] = 0:
E[lX = Y[I*] = E[IX ] + E[]Y]]*].

Proof: E[||X — Y||?] = E[||X|]?] + 2E[X"Y] + E[||Y*] = E[||X|[]?] + E[|Y|?] + 2E[X]"E[Y]
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Overfitting: Statistical interpretation with Bias-variance tradeoff

Model: ¥ = £*(X) + ¢, with f* determinist and E[¢] = 0

Given a data set D = {(z1,91), ..., (Zn,yn)}, compare fp(X) with ¥

Ep.c[llfo(@) - Y[ =Ep.[|fo(z) - f*(x) + f*(z) - Y|
=Ep [l fo(z) — f*(@)II*] + Ep, (| f*(2) — Y]
=Ep[[lfp(*) — Ep[fp(z)] + Ep[fp(x)] — f*(2)|I°] + Ec[lle]|]

Given two independent random vectors X, Y € RP such that E[X| =0 or E[Y] = 0:
E[lX = Y[I*] = E[IX ] + E[]Y]]*].

Proof: E[||X — Y||?] = E[||X|]?] + 2E[X"Y] + E[||Y*] = E[||X|[]?] + E[|Y|?] + 2E[X]"E[Y]
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Overfitting: Statistical interpretation with Bias-variance tradeoff

Model: Y = f*(X) 4 ¢, with f* determinist and E[¢] =0 o
Given a data set D = {(z1,vy1),..., (Tn,yn)}, compare fp(X) with Y
Ep.c[|/o() = YI*] =Ep.llfp(@) — f*(@) + f*(z) = Y|
= Eoellfo@) — @) Epgllf )~ 1P
—Ep.[| fD< v) - 3@9[@( N +Enlfo(@)] - £*@)2 + Ele]?
Epl..]=0

Given two independent random vectors X, Y € RP such that E[X| =0 or E[Y] = 0:
E[lX — Y[I*] = E[IX "] + E[I[Y]*].

Proof: E[||X — Y||?] = E[||X|]?] + 2E[X"Y] + E[||Y*] = E[||X|[]?] + E[|Y|?] + 2E[X]"E[Y]
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Overfitting: Statistical interpretation with Bias-variance tradeoff

Model: Y = f*(X) 4 ¢, with f* determinist and E[¢] =0

Given a data set D = {(z1,vy1),..., (Tn,yn)}, compare fp(X) with Y

Epclllfp(x) = Y|*] =Epclllfp(x) = f*(z) + f*(z) = Y]
=Epc[llfp(x) = f*(@)[*] + Ep e[l f*(x) = Y]
=Ep.[lfo(z) —Ep[fp(z)] + Ep[fp(z)] — f*(2)II*] + Ec[lle]|*]
=Ep[llfo(x) —Ep[fo(@)I’] + Ep[IEp[fp(2)] — f*(@)II°] + Ec[llell”]

Given two independent random vectors X,Y € RP such that E[X] =0 or E[Y] = 0:
E[lX = Y[I*] = E[IX ] + E[]Y]]*].
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Overfitting: Statistical interpretation with Bias-variance tradeoff

Model: Y = f*(X) + ¢

Goal: Given a data set D, find the best prediction fp: fp(X) =Y.

Error: Ep [(fp(X) = Y)?] = (Ep[fp(X) — [*(X)])* +Ep[(fp(X) — Ep[fp(X)])?] + E:[¢”]

N

“Bias”

Comparison of Ridge regression and LSR depending on A

N

“Variance”

In linear regression look for

§ g Ridge regression error § 3 f(X) — ETX
W ITR
o ¥ o ¥ .
S S Least square regression:
S LSRerror > - 1] n T 2
2 24 ? g Min n 27;:1 |8 i — il
| Biss ] Ridge regression:
° ° T T | . ]. n T 2 2
1e|01 18-1-01 16-:-03 0.0 0{2 0|.4 o.ls 0.8 1.0 Mln n Zi:l Hﬁ Lg — yZH _|_ )\HﬁHQ
A 183%12/1131]2
- - SCHOOL OF
misioign?gmg,s}lemhen S ;:;\ ;f;E;c; COsme LOUART . STA4042 3 /1 5



Regularization

1 n
Example with regression task: Minimize— E L(hw (i) — ys) + Ar(w) w € RY
n
i=1

S | e [ % regularization: T(w) — HUJH2 — Hng — Z?:l wzz
P Wy = Strictly Convex, Differentiable but “Dense Solution” (relies on all
features to some degree).

| 4y regularization: r(w) = |w|;1 = >, Jwy

~ Convex (but not strictly), not differentiable at 0 (the
point which minimization is intended to bring us to).
Selects the features “Sparse Solutions”.

| e n !

r(z) = 1 for different ¢, regularization: r(w) = ||w|[, = Q_,_; |wi|?)?», 0<p <1

reguarization Rarely used: very sparse, initialisation dependent (during
minimization procedure), non convex...

Elastic regularization: r(z) = al|z||5 + B]z|lx

C M
*
e

(R I
ese University of Hong Kong, Shenzhen

G St Cosme LOUART - STA4042 015




(5 vs. {1 regularization

LASSQ g 2q 24 RiIdge o, o, Ridge regression:
: n
Min =570 llw"z; — yil|* + [Jw]|3

0 1

Q4  _
° ° Lasso:
.1\ T 2

2 - o Min = > g lw” @i — ui||* + |lwl|x
@ @
& % _ S -
o o S o ]
= =
o o
8 (,O.) o ____..T..:-_'d';--' - L] L]

g | —————— Ridge collects the contributions

.

of most of the predictors

j

-0.2
I

— L | | | | Lasso selects the most

00 05 10 15 20 00 05 10 15 20 important coefficients

-0.2

L1 Norm L1 Norm
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Deal with Overfitting for Neural-network

f(X)=c(Wioc(W;_1---0(W1X)---) (Sequence of linear and non-linear transformations)

W
Wl °
° Wi
X > o > o > f(X) — O'(WgO'(WQO'(WlX)))
° ® Find Wl, WQ, Wg that Minimize:
® l(f(X),Y)+T(W1,W2,W3)

o(W; X) o(Ws(o(W1 X))
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Deal with Overfitting for Neural-network

f(X)=c(Wioc(W;_1---0(W1X)---) (Sequence of linear and non-linear transformations)

% e
! o T Depend on training data set
® 3
° ° {(Qtlayl)a"'a(gjnayn)}
X > o > o > f(X) — O’(WgO’(WgO’(WlX)))
° ® Fkﬂ/l, WQ, Wg that Minimize:
® l(f(X),Y)+T(W1,W2,W3)

o(W; X) o(Ws(o(W1 X))
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Deal with Overfitting for Neural-network

f(X)=c(Wioc(W;_1---0(W1X)---) (Sequence of linear and non-linear transformations)

% W “Activation functions”:
! . 11, Relu, Sigmoid, Tanh, Leaky ReLu, ELU,
: . SELU..
X > ° > ° > f(X) — O'(WgO'(WQO'(WlX)))
° ® Find Wl, WQ, Wg that Minimize:
® l(f(X),Y)+T(W1,W2,W3)

o(W; X) o(Ws(o(W1 X))
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Deal with Overfitting for Neural-network

f(X)=c(Wioc(W;_1---0(W1X)---) (Sequence of linear and non-linear transformations)

% W “Activation functions”:
! . |17, Relu, Sigmoid, Tanh, Leaky ReLu, ELU,
: . SELU..
X > ° > ° > f(X) — O'(WgO'(WQO'(WlX)))
° ® Find Wl, WQ, Wg that Minimize:
® l(f(X),Y)+T(W1,W2,W3)

O'(WlX) O'(WQ(O'(WlX)) Usually, back-propagation procedure only

approximate local minima

B R $ R a) (SR Cosme LOUART - STA4042 5
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Deal with Overfitting for Neural-network

f(X)=oWie(Wi_y---o(Wo X))

General idea: Reduce the dependence to the training data set D, reduce variability of
output
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Deal with Overfitting for Neural-network

f(X)=oWie(Wi_y---o(Wo X))

General idea: Reduce the dependence to the training data set D, reduce variability of

output
Simplify the model

Increase regularization

‘ . ) SCHOOL OF
; X K Z CGRI (S] DATA SCIENCE
 Chinese Uni L )

ese University of Hong Kong, Shenzhen B30 % B R

Cosme LOUART - STA4042

12/15



Deal with Overfitting for Neural-network

f(X)=oWie(Wi_y---o(Wo X))

General idea: Reduce the dependence to the training data set D, reduce variability of
output

Simplify the model

Increase regularization

Increase the number of training dataset when possible
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Deal with Overfitting for Neural-network

f(X)=oWie(Wi_y---o(Wo X))

General idea: Reduce the dependence to the training data set D, reduce variability of
output

Simplify the model
Increase regularization

Increase the number of training dataset when possible
Early stop
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Deal with Overfitting for Neural-network

f(X)=oWie(Wi_y---o(Wo X))

General idea: Reduce the dependence to the training data set D, reduce variability of
output

Simplify the model

Increase regularization

Increase the number of training dataset when possible
Early stop

Add drop-out

s X X £ GE I SCHOOL OF )
e Chi eseUniversif-yof I—JI':)ngKong, Shenzhen S ;: ;’;;f};E;I\C; Cosme LO U A RT STA4O42 12 / 15



Cross-validation to choose the best parameters

Typical problem: chose the correct regularization parameter A in:

Minimize = " | L(hy(z;),y:) + Ap(w), w € RP.
Cross validation is a general idea that work for multiple purpose in supervised learning.

Idea: Do multiple tests to find the best hyperparameters for the method
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Idea: Do multiple tests to find the best hyperparameters for the method
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Cross-validation to choose the best parameters

Typical problem: chose the correct regularization parameter A in:
Minimize = " | L(hy(z;),y:) + Ap(w), w € RP.
Cross validation is a general idea that work for multiple purpose in supervised learning.

Idea: Do multiple tests to find the best hyperparameters for the method

123 Training data set n
13(42|10 Training data set 5
13]42(10 Test 5
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Cross-validation to choose the best parameters

Typical problem: chose the correct regularization parameter A in:
Minimize = " | L(hy(z;),y:) + Ap(w), w € RP.
Cross validation is a general idea that work for multiple purpose in supervised learning.

Idea: Do multiple tests to find the best hyperparameters for the method

Example: for a A :
regression task, try 1]2]3 raining data set
different polynomial l

degrees to fit the data.

Shuffle

13(42|10 Training data set 5

Different colors = test
errors of different split - l

|
<\

Mean Squared Error
16 18 20 22 24 26 28
| |

Split

Degree of Polynomial 134210 Test 5
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Cross-validation to choose the best parameters

Typical problem: chose the correct regularization parameter A in:

Minimize = " | L(hy(z;),y:) + Ap(w), w € RP.

Cross validation is a general idea that work for multiple purpose in supervised learning.

Idea: Do multiple tests to find the best hyperparameters for the method

Example: for a A :
regression task, try 1]2]3 raining data set
different polynomial l

degrees to fit the data.

Mean Squared Error
16 18 20 22 24 26 28
| |

Shuffle

. B 1342(10 Training data set 5
Different colors = test | = 5
errors of different split - %l
Variability because of 2 : ° 50
Spllt Degree of Polynomial 134210 Test 5

(% H1) S DATA SCTENCE Cosme LOUART - STA4042 13/15

of Hong Kong, Shenzhen BRKEER




Cross-validation to choose the best parameters

Typical problem: chose the correct regularization parameter A in:

Minimize = " | L(hy(z;),y:) + Ap(w), w € RP.

k-fold cross validation
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Cross-validation to choose the best parameters

l
Typical problem: chose the correct regularization parameter A in:
Minimize = " | L(hy(z;),y:) + Ap(w), w € RP.
k-told cross validation
1(2 Training data set n
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Cross-validation to choose the best parameters

Typical problem: chose the correct regularization parameter A in:

Minimize = " | L(hy(z;),y:) + Ap(w), w € RP.

k-fold cross validation

22

47

Shuffled training data set
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Cross-validation to choose the best parameters

Typical problem: chose the correct regularization parameter A\ in:

Minimize = " | L(hy(z;),y:) + Ap(w), w € RP.

k-fold cross validation

22

47

Shuffled training data set

Divide the data set in k parts

22

47
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Cross-validation to choose the best parameters

Typical problem: chose the correct regularization parameter A\ in:

Minimize = " | L(hy(z;),y:) + Ap(w), w € RP.

k-fold cross validation

2247 Shuffled training data set 5
Divide the data set in k parts
| | | B

| | Test | |

22|47

| | Test | |

| |
| |
| | Test | | | | Test |
| |
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Cross-validation to choose the best parameters

Typical problem: chose the correct regularization parameter A\ in:

Minimize = " | L(hy(z;),y:) + Ap(w), w € RP.

k-fold cross validation

2247 Shuffled training data set 5
Divide the data set in k parts
| | | B

| | Test | |

22|47

| Test | | | Test | |

| |
| |
| | Test | | | | Test |
| |

| Test |

Try different A\ for each setting
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Cross-validation to choose the best parameters

Typical problem: chose the correct regularization parameter A\ in:

Minimize = " | L(hy(z;),y:) + Ap(w), w € RP.

k-fold cross validation

2247 Shuffled training data set 5
Divide the data set in k parts
| | | B

| | Test | |

22|47

| Test | | | Test | |

| |
| |
| | Test | | | | Test |
| |

| Test |

Try different A\ for each setting

Average the results and choose the one that maximizes the performances
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Cross-validation to choose the best parameters

Typical problem: chose the correct regularization parameter A\ in:

Minimize = " | L(hy(z;),y:) + Ap(w), w € RP.

e E—

k-fold cross validation
2247 | |

16 18 20 22 24 26 28
| | |

Mean Squared Error
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