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Although more pictural with Classification also concerns Regression

Concerns Unsupervised and Supervised learning

Examples of linear decision:

• Linear Regression (Least-square, Poisson, logistic, softmax..)

• Naive Bayes, Linear discriminent analysis,

• Methods from PCA if only one principal component used

• Simple support vector machine

Examples of non-linear decisions:

• K nearest neighbour

• Kernel methods (spectral clustering, SVM)

• k-means

• QDA, Polynomial fits.

• Neural networks

Although more pictural with Classification also concerns Regression

Linear and non-linear decision
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Linear and non-linear decision

Non-linear decisions

Linear Decisions

Question even more important with bigger
dimension
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How to deal with non linear boundaries ?

Linear method can not provide good solution

(Classification or regression)

• If possible add one dimension = add predictor

• Design some features that will present the data
differently to let appear a separation plane

• Use flexible method

(NN, KNN, k-means,
kernel-based methods..)
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Recall: Spectral clustering

Two classes:
• x1, . . . , xn/2 ∼ N (µ, Ip)
• xn/2+1, . . . , xn ∼ N (−µ, Ip)
with µ = (2, 0, . . . , 0) ∈ Rp, n = 500, p = 5.

= (K(xi, xj))i,j∈[n] ∈ Rn×n

with for ex. K(x, y) = e−
∥x−y∥2

2p (“Heat kernel”)

=⇒ Look for first eigenvectors of K should capture
class information
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Kernels

Definition: K : E2 → R is a Mercer Kernel or a Positive semi-definite
kerneel iif:

∀x1, . . . , xn ∈ E,∀c = (c1, . . . , cn) ∈ Rn :
∑n

i,j=1 cicjK(xi, xj) ≥ 0
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Kernels

Definition: K : E2 → R is a Mercer Kernel or a Positive semi-definite
kerneel iif:

∀x1, . . . , xn ∈ E,∀c = (c1, . . . , cn) ∈ Rn :
∑n

i,j=1 cicjK(xi, xj) ≥ 0

Theorem:Given a Mercer Kernel
K : E2 → R there exists:
• a Hilbert space (H, ⟨·|·⟩)
• a mapping ϕ : E → H
such that:

∀x, y ∈ E :
K(x, y) = ⟨ϕ(x), ϕ(y)⟩
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Example of Support vector machines

1 - Large (or hard) margin SVM

Idea: Look for a linear boundary with largest margin

w

w
T x

∥w
∥

x

“Linearly
separable
data”
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Example of Support vector machines

1 - Large (or hard) margin SVM

Idea: Look for a linear boundary with largest margin

Boundary defined by w ∈ Rp and w0 ∈ R:

w

x

f(x) = wTx+ w0

f(x) ≥ 0

f(x) ≤ 0

f
(x
)
=
0

⇐
⇒

w
T
x
=
−
w

0

−w0

∥w
∥

“Linearly
separable
data”
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Example of Support vector machines

1 - Large (or hard) margin SVM

Idea: Look for a linear boundary with largest margin

Boundary defined by w ∈ Rp and w0 ∈ R:

w
f(x) = wTx+ w0

f(x) ≥ 0

f(x) ≤ 0

f
(x
)
=
0

−w0

∥w
∥

xi

yi(w
T xi+w0)

∥w∥

Margin(w,w0) = mini∈[n]
yif(xi)
∥w∥

y = −1

y = +1

“Linearly
separable
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1 - Large (or hard) margin SVM

Idea: Look for a linear boundary with largest margin

Boundary defined by w ∈ Rp and w0 ∈ R:

w
f(x) = wTx+ w0

f(x) ≥ 0

f(x) ≤ 0

f
(x
)
=
0

−w0

∥w
∥

xi

yi(w
T xi+w0)

∥w∥
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yif(xi)
∥w∥

Maximize
w∈Rp,w0∈R
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yi(w

T xi+w0)
∥w∥ ?

y = −1

y = +1

“Linearly
separable
data”
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1 - Large (or hard) margin SVM

Idea: Look for a linear boundary with largest margin

Boundary defined by w ∈ Rp and w0 ∈ R:

w
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Example of Support vector machines

1 - Large (or hard) margin SVM

Idea: Look for a linear boundary with largest margin

Boundary defined by w ∈ Rp and w0 ∈ R:

w
f(x) = wTx+ w0

f(x) ≥ 0

f(x) ≤ 0

f
(x
)
=
0

−w0

∥w
∥

Margin(w,w0) = mini∈[n]
yif(xi)
∥w∥

Maximize
w∈Rp,w0∈R

mini∈[n]
yi(w

T xi+w0)
∥w∥ ?

y = −1

y = +1

“Linearly
separable
data”

Solution: Impose ∀i ∈ [n] : yi(w
Txi + w0) ≥ 1 then biggest margin: = 1

∥w∥

Problem: not uniqueness of w,w0 !

∀λ > 0: Margin(λw, λw0) = Margin(w,w0)

“Support vectors”
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Example of Support vector machines

1 - Large (or hard) margin SVM

Idea: Look for a linear boundary with largest margin

Boundary defined by w ∈ Rp and w0 ∈ R:

w
f(x) = wTx+ w0

f(x) ≥ 0

f(x) ≤ 0

f
(x
)
=
0

−w0

∥w
∥

Margin(w,w0) = mini∈[n]
yif(xi)
∥w∥

Maximize
w∈Rp,w0∈R

mini∈[n]
yi(w

T xi+w0)
∥w∥ ?

y = −1

y = +1

“Linearly
separable
data”

Solution: Impose ∀i ∈ [n] : yi(w
Txi + w0) ≥ 1 then biggest margin: = 1

∥w∥

Primal Problem: Maximize 1
2∥w∥

2 subject to ∀i ∈ [n] : yi(w
Txi + w0) ≥ 1, w ∈ Rp, w0 ∈ R.

Problem: not uniqueness of w,w0 !

∀λ > 0: Margin(λw, λw0) = Margin(w,w0)
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Large Margin SVM

Primal Problem:

Minimize 1
2∥w∥

2 subject to ∀i ∈ [n] : yi(w
Txi + w0) ≥ 1, w ∈ Rp, w0 ∈ R (P )
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Large Margin SVM

Primal Problem:

Lagrangian: L(w,w0, α) =
1
2∥w∥

2 −
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i=1 αi

(
yi(w

Txi + w0)− 1
)
, w ∈ Rp, w0 ∈ R, α ∈ Rp

+

Minimize 1
2∥w∥

2 subject to ∀i ∈ [n] : yi(w
Txi + w0) ≥ 1, w ∈ Rp, w0 ∈ R (P )
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Large Margin SVM

Primal Problem:

Lagrangian: L(w,w0, α) =
1
2∥w∥

2 −
∑n

i=1 αi

(
yi(w

Txi + w0)− 1
)
, w ∈ Rp, w0 ∈ R, α ∈ Rp

+

Minimize 1
2∥w∥

2 subject to ∀i ∈ [n] : yi(w
Txi + w0) ≥ 1, w ∈ Rp, w0 ∈ R (P )

ŵ, ŵ0 solve (P ) ⇐⇒ 1
2∥ŵ∥

2 = max
α∈Rn

+

L(ŵ, ŵ0, α)

( Because if ∃i ∈ [n] s.t. yi(w
Txi + w0) < 1 then maxαi≥0 −αi(yi(w

Txi + w0)− 1)) = +∞)
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Large Margin SVM

Primal Problem:

Lagrangian: L(w,w0, α) =
1
2∥w∥

2 −
∑n

i=1 αi

(
yi(w

Txi + w0)− 1
)
, w ∈ Rp, w0 ∈ R, α ∈ Rp

+

Minimize 1
2∥w∥

2 subject to ∀i ∈ [n] : yi(w
Txi + w0) ≥ 1, w ∈ Rp, w0 ∈ R (P )

ŵ, ŵ0 solve (P ) ⇐⇒ 1
2∥ŵ∥

2 = max
α∈Rn

+

L(ŵ, ŵ0, α)

Thus: ŵ, ŵ0 solve (P ) ⇐⇒ ŵ, ŵ0 = Argmin
w∈Rp,w0∈R

maxα∈Rn
+
L(w,w0, α)
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Large Margin SVM

Primal Problem:

Lagrangian: L(w,w0, α) =
1
2∥w∥

2 −
∑n

i=1 αi

(
yi(w

Txi + w0)− 1
)
, w ∈ Rp, w0 ∈ R, α ∈ Rp

+

Minimize 1
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Txi + w0) ≥ 1, w ∈ Rp, w0 ∈ R (P )

ŵ, ŵ0 solve (P ) ⇐⇒ 1
2∥ŵ∥

2 = max
α∈Rn

+

L(ŵ, ŵ0, α)

Thus: ŵ, ŵ0 solve (P ) ⇐⇒ ŵ, ŵ0 = Argmin
w∈Rp,w0∈R

maxα∈Rn
+
L(w,w0, α)

• min
w∈Rp,w0∈R

max
α∈Rn

+

L(w,w0, α) = L(ŵ, ŵ0, α̂) = max
α∈Rn

+

min
w∈Rp,w0∈R

L(w,w0, α)

Optimization theory Theorem: There exist ŵ, ŵ0, α̂ s.t. (denoting f : x 7→ ŵTx+ ŵ0):
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w∈Rp,w0∈R

maxα∈Rn
+
L(w,w0, α)

• min
w∈Rp,w0∈R

max
α∈Rn

+

L(w,w0, α) = L(ŵ, ŵ0, α̂) = max
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Large Margin SVM

Primal Problem:

Lagrangian: L(w,w0, α) =
1
2∥w∥

2 −
∑n

i=1 αi

(
yi(w

Txi + w0)− 1
)
, w ∈ Rp, w0 ∈ R, α ∈ Rp

+

Minimize 1
2∥w∥

2 subject to ∀i ∈ [n] : yi(w
Txi + w0) ≥ 1, w ∈ Rp, w0 ∈ R (P )

ŵ, ŵ0 solve (P ) ⇐⇒ 1
2∥ŵ∥

2 = max
α∈Rn

+
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Thus: ŵ, ŵ0 solve (P ) ⇐⇒ ŵ, ŵ0 = Argmin
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+

L(w,w0, α) = L(ŵ, ŵ0, α̂) = max
α∈Rn

+

min
w∈Rp,w0∈R

L(w,w0, α)

• KKT conditions: ∂L
∂w |ŵ,ŵ0,α̂

= 0, ∂L
∂w0 |ŵ,ŵ0,α̂

= 0,

Optimization theory Theorem: There exist ŵ, ŵ0, α̂ s.t. (denoting f : x 7→ ŵTx+ ŵ0):

(= 1
2∥ŵ∥

2)

∀i ∈ [n] : α̂i(f(xi)− 1)yi = 0, α̂i ≥ 0, (f(xi)− 1)yi ≥ 0
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Large Margin SVM

Primal Problem:

Lagrangian: L(w,w0, α) =
1
2∥w∥

2 −
∑n

i=1 αi

(
yi(w

Txi + w0)− 1
)
, w ∈ Rp, w0 ∈ R, α ∈ Rp

+

Minimize 1
2∥w∥

2 subject to ∀i ∈ [n] : yi(w
Txi + w0) ≥ 1, w ∈ Rp, w0 ∈ R

• min
w∈Rp,w0∈R

max
α∈Rn

+

L(w,w0, α) = L(ŵ, ŵ0, α̂) = max
α∈Rn

+

min
w∈Rp,w0∈R

L(w,w0, α)

• KKT conditions: ∂L
∂w |ŵ,ŵ0,α̂

= 0, ∂L
∂w0 |ŵ,ŵ0,α̂

= 0,

Optimization theory Theorem: There exists ŵ, ŵ0, α̂ s.t. (denoting f : x 7→ ŵTx+ ŵ0):

∀i ∈ [n] : α̂i(f(xi)− 1)yi = 0, α̂i ≥ 0, (f(xi)− 1)yi ≥ 0
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Large Margin SVM

Primal Problem:

Lagrangian: L(w,w0, α) =
1
2∥w∥

2 −
∑n

i=1 αi

(
yi(w

Txi + w0)− 1
)
, w ∈ Rp, w0 ∈ R, α ∈ Rp

+

Minimize 1
2∥w∥

2 subject to ∀i ∈ [n] : yi(w
Txi + w0) ≥ 1, w ∈ Rp, w0 ∈ R
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w∈Rp,w0∈R

max
α∈Rn

+

L(w,w0, α) = L(ŵ, ŵ0, α̂) = max
α∈Rn

+

min
w∈Rp,w0∈R

L(w,w0, α)

Optimization theory Theorem: There exists ŵ, ŵ0, α̂ s.t. (denoting f : x 7→ ŵTx+ ŵ0):

∀i ∈ [n] : α̂i(f(xi)− 1)yi = 0, α̂i ≥ 0, (f(xi)− 1)yi ≥ 0

Resolution:

• KKT conditions: ∂L
∂w |ŵ,ŵ0,α̂

= 0, ∂L
∂w0 |ŵ,ŵ0,α̂

= 0,

• ŵ =
∑n

i=1 α̂iyixi
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Large Margin SVM

Primal Problem:

Lagrangian: L(w,w0, α) =
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2 −
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(
yi(w

Txi + w0)− 1
)
, w ∈ Rp, w0 ∈ R, α ∈ Rp

+
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+
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Optimization theory Theorem: There exists ŵ, ŵ0, α̂ s.t. (denoting f : x 7→ ŵTx+ ŵ0):

∀i ∈ [n] : α̂i(f(xi)− 1)yi = 0, α̂i ≥ 0, (f(xi)− 1)yi ≥ 0

Resolution:
• ŵ =

∑n
i=1 α̂iyixi

•
∑n

i=1 α̂iyi = 0

• KKT conditions: ∂L
∂w |ŵ,ŵ0,α̂

= 0, ∂L
∂w0 |ŵ,ŵ0,α̂

= 0,
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Large Margin SVM

Primal Problem:

Lagrangian: L(w,w0, α) =
1
2∥w∥

2 −
∑n

i=1 αi

(
yi(w

Txi + w0)− 1
)
, w ∈ Rp, w0 ∈ R, α ∈ Rp

+

Minimize 1
2∥w∥

2 subject to ∀i ∈ [n] : yi(w
Txi + w0) ≥ 1, w ∈ Rp, w0 ∈ R

•

• KKT conditions: ∂L
∂w |ŵ,ŵ0,α̂

= 0, ∂L
∂w0 |ŵ,ŵ0,α̂

= 0,

Optimization theory Theorem: There exists ŵ, ŵ0, α̂ s.t. (denoting f : x 7→ ŵTx+ ŵ0):

∀i ∈ [n] : α̂i(f(xi)− 1)yi = 0, α̂i ≥ 0, (f(xi)− 1)yi ≥ 0

Resolution:
• ŵ =

∑n
i=1 α̂iyixi

•
∑n

i=1 α̂iyi = 0

Dual Problem: Maximize − 1
2

∑n
i,j=1 αiαjyiyjxixj +

∑n
i=1 αi, α ∈ Rn

+

min
w∈Rp,w0∈R

max
α∈Rn

+

L(w,w0, α) = L(ŵ, ŵ0, α̂) = max
α∈Rn

+

min
w∈Rp,w0∈R

L(w,w0, α)
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Large Margin SVM
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(
yi(w

Txi + w0)− 1
)
, w ∈ Rp, w0 ∈ R, α ∈ Rp

+

Minimize 1
2∥w∥

2 subject to ∀i ∈ [n] : yi(w
Txi + w0) ≥ 1, w ∈ Rp, w0 ∈ R

• min
w∈Rp,w0∈R

max
α∈Rn

+

L(w,w0, α) = L(ŵ, ŵ0, α̂) = max
α∈Rn

+

min
w∈Rp,w0∈R

L(w,w0, α)

• KKT conditions: ∂L
∂w |ŵ,ŵ0,α̂

= 0, ∂L
∂w0 |ŵ,ŵ0,α̂

= 0,

Optimization theory Theorem: There exists ŵ, ŵ0, α̂ s.t. (denoting f : x 7→ ŵTx+ ŵ0):

Resolution:
• ŵ =

∑n
i=1 α̂iyixi

•
∑n

i=1 α̂iyi = 0

Dual Problem: Maximize − 1
2

∑n
i,j=1 αiαjyiyjxixj +

∑n
i=1 αi, α ∈ Rn

+

Solution ŵ, ŵ0, α̂ satisfy:

∀i ∈ [n] : αi > 0 =⇒ f(xi)yi = 1: Support point

∀i ∈ [n] : α̂i(f(xi)− 1)yi = 0, α̂i ≥ 0, (f(xi)− 1)yi ≥ 0
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Solution ŵ, ŵ0, α̂ satisfy:
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+

Solution ŵ, ŵ0, α̂ satisfy:
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Final prediction:
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i=1 α̂iyixi

f(x) =
∑n

i=1 α̂iyix
T
i x+ ŵ0
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T
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2
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i,j=1 αiαjyiyjxixj +
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+

Solution ŵ, ŵ0, α̂ satisfy:

Final prediction:

∀i ∈ [n] : αi > 0 =⇒ (ŵTxi − ŵ0)yi = 1:{Support points} ≡ S
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∑

i∈S α̂iyix
T
i x+ ŵ0 How to compute ŵ0?
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Solution ŵ, ŵ0, α̂ satisfy:

Final prediction:
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+
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+
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Final prediction:

∀i ∈ [n] : αi > 0 =⇒ (ŵTxi − ŵ0)yi = 1:{Support points} ≡ S

f(x) =
∑

i∈S α̂iyix
T
i x+ ŵ0

∀j ∈ S : 1 = f(xj)yj =
∑

i∈S α̂iyiyjx
T
i xj + ŵ0yj =⇒ ŵ0 = yj −

∑
i∈S α̂iyix

T
i xj

In practice averaging: ŵ0 ≡ 1
|S|

∑
j∈S yj −

∑
i∈S α̂iyix

T
i xj
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Large Margin SVM

Primal Problem:

Minimize 1
2∥w∥

2 subject to ∀i ∈ [n] : yi(w
Txi + w0) ≥ 1

Dual Problem:

Maximize − 1
2

∑n
i,j=1 αiαjyiyjxixj +

∑n
i=1 αi

Final prediction:

f(x) = ŵTx+ ŵ0

with: ŵ =
∑
i∈S

α̂iyixi

ŵ0 =
1

|S|
∑
j∈S

yj −
∑
i∈S

α̂iyix
T
i xj

ŵ

f(x) ≥ 0

f(x) ≤ 0
f
(x
)
=
0

−ŵ0

∥ŵ
∥

y = −1

y = +1

“Linearly
separable
data”

α̂ = 0

α̂ = 0

α̂
>
0

α̂
>
0

Subject to α ∈ Rn
+,

∑n
i=1 αiyi = 0.

S = {i : αi > 0}
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Soft Margin SVM

Primal Problem:

“Non linearly
separable
data”

Minimize 1
2∥w∥

2 subject to ∀i ∈ [n] : yi(w
Txi + w0) ≥ 1
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Soft Margin SVM

Primal Problem:

Minimize 1
2∥w∥

2 + C
∑n

i=1 ξi subject to ∀i ∈ [n] : yi(w
Txi + w0) ≥ 1−ξi, ξi > 0

“Non linearly
separable
data”
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“Non linearly
separable
data”Subject to α ∈ [0, C]n,

∑n
i=1 αiyi = 0.

(Same kind
of inferences
as before)
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∑
i∈S

α̂iyixi
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“Non linearly
separable
data”Subject to α ∈ [0, C]n,

∑n
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Well classified, α = 0

Badly classified, α = C

Support vectors, α ∈ (0, C)
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Kernel trick with SVM

Minimize:
∑n

i,j=1 αiαjyiyjx
T
i xj −

∑n
i=1 αi

Then:
• f(t) =

∑
i∈S

α̂iyix
Txi + ŵ0

• ŵ0 =
1

|S|
∑
i∈S

yi −
∑
j∈S

α̂jyjx
T
j xi



Subject to: • ∀i ∈ [n] : 0 ≤ αi ≤ C

•
n∑

i=1

αiyi = 0
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Subject to: • ∀i ∈ [n] : 0 ≤ αi ≤ C

•
n∑

i=1

αiyi = 0

Then:
• f(t) =

∑
i∈S

α̂iyiK(x, xi) + ŵ0

• ŵ0 =
1

|S|
∑
i∈S

yi −
∑
j∈S

α̂jyjK(xj , xi)



Minimize:
∑n

i,j=1 αiαjyiyjK(xi, xj)−
∑n

i=1 αi
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Kernel trick with SVM

Subject to: • ∀i ∈ [n] : 0 ≤ αi ≤ C

•
n∑

i=1

αiyi = 0

Then:
• f(t) =

∑
i∈S

α̂iyiK(x, xi) + ŵ0

• ŵ0 =
1

|S|
∑
i∈S

yi −
∑
j∈S

α̂jyjK(xj , xi)



Minimize:
∑n

i,j=1 αiαjyiyjK(xi, xj)−
∑n

i=1 αi

Exmple with K(x, z) = exp
(
−γ∥x− z∥2

)


