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Linear and non-linear decision

Concerns Unsupervised and Supervised learning
Although more pictural with Classification also concerns Regression

Examples of linear decision:

o Linear Regression (Least-square, Poisson, logistic, softmax..)

‘ ‘ ‘ ‘ ‘ » Naive Bayes, Linear discriminent analysis,

o Methods from PCA if only one principal component used

o Simple support vector machine
B(I:))Eﬁ S'IA\%II\IES Examples of non-linear decisions:

o K nearest neighbour
o QDA, Polynomial fits.

o k-means

» Kernel methods (spectral clustering, SVM)

o Neural networks 1/12
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Linear and non-linear decision
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How to deal with non linear boundaries ? (Classification or regression)

Linear method can not provide good solution
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How to deal with non linear boundaries ? (Classification or regression)

Il B
Linear method can not provide good solution

If possible add one dimension = add predictor
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How to deal with non linear boundaries ? (Classification or regression)

Linear method can not provide good solution
If possible add one dimension = add predictor

Design some features that will present the data
differently to let appear a separation plane
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How to deal with non linear boundaries ? (Classification or regression)

Linear method can not provide good solution
If possible add one dimension = add predictor

Design some features that will present the data
differently to let appear a separation plane

A IR PP Use flexible method
F . m'.:'_‘. (NN, KNN, k-means,
' ’ El). kernel-based methods..)
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Recall: Spectral clustering

Two classes:

'$1,.-~,$n/2NN(M,]p)

¢ $n/2—|—17 ceeydp N(_:ualp)

with © = (2,0,...,0) € R?, n =500, p = 5.

K = — (K(ZEZ, 'Tj))z',je[n] c R»x"
with for ex. K(z,y) =e~ o (“Heat kernel”)
—> Look for first eigenvectors of K should capture
class information
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Kernels

>
/ 85

Linealy

S Linearly separable

Definition: K : E? — R is a Mercer Kernel or a Positive semi-definite
kerneel iif:

Vai,...,x, € E,Ve= (c1,...,¢,) € R™: Z?,j:1 cic; K(x;,zi) >0
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Kernels

Theorem:Given a Mercer Kernel
4 K : E? — R there exists:
» a Hilbert space (H, (-|))

/A e amapping p: F — H

2 <§ such that:
/ &QO / Ve,ye E :
K(z,y) = {(¢(z), &(y))

Linealy

S Linearly separable

Definition: K : E? — R is a Mercer Kernel or a Positive semi-definite
kerneel iif:

Vai,...,x, € E,Ve= (c1,...,¢,) € R™: ZZj:l cic; K(x;,zi) >0
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Example of Support vector machines
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Example of Support vector machines

Large (or hard) margin SVM
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Example of Support vector machines

: “Linearly
Large (or hard) margin SVM separable
Look for a linear boundary with largest margin data
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Example of Support vector machines

: “Linearly
Large (or hard) margin SVM separable
Look for a linear boundary with largest margin data
o
|
Large margin
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Example of Support vector machines

: “Linearly
Large (or hard) margin SVM separable
Look for a linear boundary with largest margin data
Unscaled Scaled
o
|
Small margin
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Example of Support vector machines

: “Linearly
Large (or hard) margin SVM separable
Look for a linear boundary with largest margin data
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Example of Support vector machines

: “Linearly
Large (or hard) margin SVM separable
Look for a linear boundary with largest margin data
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Example of Support vector machines

: “Linearly
Large (or hard) margin SVM separable
Look for a linear boundary with largest margin data
Boundary defined by w € RP and wg € R: @) > 0
f($) — ngj T Wo @
o) <o o A N

B R $ R a) (SR Cosme LOUART - STA4042 /12

ese University of Hong Kong, Shenzhen B30 % B R



Example of Support vector machines

_ “Linearly
Large (or hard) margin SVM separable
Look for a linear boundary with largest margin - data
Boundary defined by w € RP and wg € R: F(z) >0
f(z) = whz + wy o V=1
Margin(w, wp) = min; ey, y’illjﬁ’b) >
f(z) <0
y= —1
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Example of Support vector machines

: “Linearly
Large (or hard) margin SVM separable
Look for a linear boundary with largest margin - data
Boundary defined by w € RP and wg € R: @) > 0
f(z) =wlz +wy . v=-+1
Margin(w, wp) = min; ey, y’i”flfjﬁ’b) >
Maximize min; ey y’b(wnx’iﬁwo) ? f(z) <0
TUGRP,’U}()ER w y= —1
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Example of Support vector machines

: “Linearly
Large (or hard) margin SVM separable
Look for a linear boundary with largest margin - data
Boundary defined by w € RP and wg € R: @) > 0
f(z) =wlz +wy . v=-+1
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T X
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Example of Support vector machines

: “Linearly
Large (or hard) margin SVM separable
Look for a linear boundary with largest margin data
Boundary defined by w € RP and wg € R: @) > 0
f(z) =wlz +wy . v=-+1
Margin(w, wp) = min; ey, y’i'lfﬁ’b) >
Maximize minie[n] yi(w” xzitwo) f(x) <0
wERP , wgER HwH y=—1
not uniqueness of w, wy ! w(wiszo)

VA > 0: Margin(Aw, Awg) = Margin(w, wq)

Impose Vi € [n] : y;(w! x; +wo) > 1 then biggest margin: = TaoT
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Example of Support vector machines

“Support vectors” “Linearl

' y

Large (or hard) margin SVM separable

Look for a linear boundary with largest margin data

Boundary defined by w € RP and wg € R: @) > 0
f(z) =wlz +wy . v=-+1

Margin(w, wp) = min; ey, y’illjﬁ’b) >

Maximize  min;gp, yi(w itwo) 7 fl) <0

wERP , wgER HwH y=—1

not uniqueness of w, wq !
VA > 0: Margin(Aw, Awg) = Margin(w, wq)

Impose Vi € [n] : y;(w! x; +wo) > 1 then biggest margin: = TaoT
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Example of Support vector machines

: “Linearly
Large (or hard) margin SVM separable
Look for a linear boundary with largest margin data
Boundary defined by w € RP and wg € R: @) > 0
f(z) =wlz +wy . v=-+1
Margin(w, wp) = min; ey, y’i”fU(j'U"L) >
Maximize  min;gp, yi(w itwo) 7 fl) <0
wERP , wgER HwH y=—1

not uniqueness of w, wq !
VA > 0: Margin(Aw, Awg) = Margin(w, wq)

Impose Vi € [n] : y;(w! x; +wo) > 1 then biggest margin: = TaoT

Primal Problem: Maximize £|w||? subject to Vi € [n] : y;(wlz; + wp) > 1, w € RP, wy € R.
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Large Margin SVM

Primal Problem:

Minimize %||w||* subject to Vi € [n] : y;(w!z; +wo) > 1, w € RP, wy € R (P)
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Large Margin SVM

Primal Problem:

Minimize %||w||* subject to Vi € [n] : y;(w!z; +wo) > 1, w € RP, wy € R (P)

Lagrangian: L(w,wo, ) = 2||lw|]® = > o (yi(wlz; +wo) — 1), weRP,wy € R, € RY.
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Large Margin SVM

Primal Problem:

Minimize %||w||* subject to Vi € [n] : y;(w!z; +wo) > 1, w € RP, wy € R (P)
Lagrangian: L(w,wo, ) = 2||lw|]® = > o (yi(wlz; +wo) — 1), weRP,wy € R, € RY.

W, o solve (P) <= 2||w|]* = max L(w, wo, @)
aERﬁ
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Large Margin SVM

Primal Problem:

Minimize %||w||* subject to Vi € [n] : y;(w!z; +wo) > 1, w € RP, wy € R (P)
Lagrangian: L(w,wo, ) = 2||lw|]® = > o (yi(wlz; +wo) — 1), weRP,wy € R, € RY.

W, o solve (P) <= 2||w|]* = max L(w, wo, @)
aERﬁ

T

( Because if 3 € [n] s.t. y;(w!x; +wo) < 1 then maxy, >0 —a; (y; (w! z; +wg) — 1)) = +00)
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Large Margin SVM

Il
Primal Problem:
Minimize %||w||* subject to Vi € [n] : y;(w!z; +wo) > 1, w € RP, wy € R (P)
Lagrangian: L(w,wo, ) = 2||lw|]® = > o (yi(wlz; +wo) — 1), weRP,wy € R, € RY.
W,y solve (P) < 1|w|? = m?Rx L(w, Wy, @)
acR"
Thus: W, solve (P) <= w,wo = Argmin maxserr L(w,wo, o)
wERP woER
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Large Margin SVM

Primal Problem:

Minimize %||w||* subject to Vi € [n] : y;(w!z; +wo) > 1, w € RP, wy € R (P)
Lagrangian: L(w,wo, ) = 2||lw|]® = > o (yi(wlz; +wo) — 1), weRP,wy € R, € RY.

W, o solve (P) <= 2||w|]* = max L(w, wo, @)
aERﬁ

Thus: W, solve (P) <= w,wo = Argmin maxserr L(w,wo, o)
wERP  woER

Optimization theory Theorem: There exist ), 1, ¢ s.t. (denoting f : x — wlx + wy):

min max L(w, wg, a) = L(w, wp, @) = max min _ L(w, wq, )
weRP wgEeR aERi <ﬂﬂW1 wERP  wgEeR
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Large Margin SVM

Primal Problem:
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Large Margin SVM

Primal Problem:

Minimize %||w||* subject to Vi € [n] : y;(w!z; +wo) > 1, w € RP, wy € R (P)

Lagrangian: L(w,wo, ) = 2||lw|]® = > o (yi(wlz; +wo) — 1), weRP,wy € R, € RY.

W, W solve (P) <= 1||w|* = max L(w, W, o) <—
aERﬁ

Thus: W, solve (P) <= w,wo = Argmin maxserr L(w,wo, o)
wERP  woER

Optimization theory Theorem: There exist ), 1, ¢ s.t. (denoting f : x — wlx + wy):

e o M L(w,wo,0) = L(w, o, 0) = max . woin  L{w,wo,) (= 3i]?)
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Large Margin SVM

Il
Primal Problem:
Minimize %||w||* subject to Vi € [n] : y;(w!z; +wo) > 1, w € RP, wy € R (P)
Lagrangian: L(w,wo, ) = 2||lw|]® = > o (yi(wlz; +wo) — 1), weRP,wy € R, € RY.
W,y solve (P) < 1|w|? = m?éx L(w,wy, o) <—
acR"™
Thus: W, solve (P) <= w,wo = Argmin maxserr L(w,wo, o)
wERP woER

Optimization theory Theorem: There exist ), 1, ¢ s.t. (denoting f : x — wlx + wy):

N . T
webimoen Say (w0 ) = L0 00,0 = Mg B e ) (= 2l
KKT conditions: g—i . =0, OL =0,
w,Wwo,x ’lU Ne’
Vi € [n] : G (f(25) — ) 0, =20, (f(zi) = 1)y = 0

% 31) S o SeeNE Cosme LOUART - STA4042 7/12

of Hong Kong, Shenzhen BRKEER



Large Margin SVM

Primal Problem:

Minimize %||w||* subject to Vi € [n] : y;(w!z; +wo) > 1, w € RP, wy € R
Lagrangian: L(w,wo, ) = 2||lw|]® = > o (yi(wlz; +wo) — 1), weRP,wy € R, € RY.

Optimization theory Theorem: There exists 1, 1, & s.t. (denoting f :  +— @' x + wy):

min max L(w, wy, a) = L(w, wy, &) = max min  L(w, wq, o)
wERP , wpER aERi (XER?’F wERP  woER
KKT conditions: 7|~ =0, gz =0,
Vien:  a(f(z) -1y, =0, &=>0,  (f(z;) —1)y; >0
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Large Margin SVM

Primal Problem:

Minimize %||w||* subject to Vi € [n] : y;(w!z; +wo) > 1, w € RP, wy € R
Lagrangian: L(w,wo, ) = 2||lw|]® = > o (yi(wlz; +wo) — 1), weRP,wy € R, € RY.

Optimization theory Theorem: There exists 1, 1, & s.t. (denoting f :  +— @' x + wy):

min max L(w, wy, a) = L(w, wy, &) = max min  L(w, wq, o)
wERP , wpER aERi (XER?’F wERP  woER
KKT conditions: 7 =0, Fk =0,
Vien:  a(f(z) -1y, =0, &=>0,  (f(z;) —1)y; >0
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Large Margin SVM

Primal Problem:

Minimize %||w||* subject to Vi € [n] : y;(w!z; +wo) > 1, w € RP, wy € R
Lagrangian: L(w,wo, ) = 2||lw|]® = > o (yi(wlz; +wo) — 1), weRP,wy € R, € RY.

Optimization theory Theorem: There exists 1, 1, & s.t. (denoting f :  +— @' x + wy):

min max L(w, wy, a) = L(w, wy, &) = max min  L(w, wq, o)
wERP , wpER aERi (XER?’F wERP  woER
KKT conditions: 2- e s =05 e s =0
Vien:  a(f(z) -1y, =0, &=>0,  (f(z;) —1)y; >0
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Large Margin SVM

Primal Problem:

Minimize %||w||* subject to Vi € [n] : y;(w!z; +wo) > 1, w € RP, wy € R
Lagrangian: L(w,wo, ) = 2||lw|]® = > o (yi(wlz; +wo) — 1), weRP,wy € R, € RY.

Optimization theory Theorem: There exists 1, 1, & s.t. (denoting f :  +— @' x + wy):

min max L(w, wy, a) = L(w, wy, &) = max min  L(w, wq, @)
wERP , wpER O(ERZ’_ aERT_r_ wERP , woER
KKT conditions: 7|~ =0, gz =0,
Vien:  a(f(z) -1y, =0, &=>0,  (f(z;) —1)y; >0

Dual Problem: Maximize —5 ) .., cuayyyzix; + ) ;i a €RY
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Large Margin SVM

Primal Problem:

Minimize %||w||* subject to Vi € [n] : y;(w!z; +wo) > 1, w € RP, wy € R
Lagrangian: L(w,wo, ) = 2||lw|]® = > o (yi(wlz; +wo) — 1), weRP,wy € R, € RY.

Optimization theory Theorem: There exists 1, 1, & s.t. (denoting f :  +— @' x + wy):

min max L(w, wy, a) = L(w, wy, &) = max min  L(w, wq, o)
wERP , wpER aER” (XER?’F wERP  woER
KKT conditions: gfv =0, oL,  — 0,
W, Wo , w,wo,™

Dual Problem: Maximize —= Z” L OGO Y T Y e, € RY

W
Solution w, wq, & satisfy:

n A PR
D im1 il =0 Vien|l:a; >0 = f(x;)y; = 1: Support point
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Large Margin SVM

Primal Problem:

Minimize %||w||* subject to Vi € [n] : y;(w!z; +wo) > 1, w € RP, wy € R

Lagrangian: L(w,wo, ) = 2||lw|]® = > o (yi(wlz; +wo) — 1), weRP,wy € R, € RY.

: Dual Problem: Maximize —z Z” QGO Yy, € R?
W= . Gy

Z zyz_o

Solution w, W, & satisfy:

Vie[n]:a; >0 = (wlz; —wo)y; = 1: Support points
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Large Margin SVM

Primal Problem:

Minimize %||w||* subject to Vi € [n] : y;(w!z; +wo) > 1, w € RP, wy € R
Lagrangian: L(w,wo, ) = 2||lw|]® = > o (yi(wlz; +wo) — 1), weRP,wy € R, € RY.

Dual Problem: Maximize —3; Zz’,j:l Y YT + ) o, o€ RY

Solution w, W, & satisfy:

W
n A —_—
2 i—1 Gili = 0 Vie[n]:a; >0 = (wlz; —wo)y; = 1: Support points

fr) = 2200 Qayixy @ + o
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Large Margin SVM

Primal Problem:

Minimize %||w||* subject to Vi € [n] : y;(w!z; +wo) > 1, w € RP, wy € R
Lagrangian: L(w,wo, ) = 2||lw|]® = > o (yi(wlz; +wo) — 1), weRP,wy € R, € RY.

Dual Problem: Maximize —= Z” L OGO Y T Y e, o € RY

w a’l;yzx@ . A A A .
2 iz Solution W, W, & satisfy:

2imy Gayi =0 Vie[n):a; >0 = (0'z; —o)y; = 1:{Support points} =

f(r) = Zz‘es &zyzxzx + wWo
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Large Margin SVM

Primal Problem:

Minimize %||w||* subject to Vi € [n] : y;(w!z; +wo) > 1, w € RP, wy € R

Lagrangian: L(w,wo, ) = 2||lw|]® = > o (yi(wlz; +wo) — 1), weRP,wy € R, € RY.

Dual Problem: Maximize —= Z” L OGO Y T Y e, o € RY

=)0 Qi Solution 0, wq, & satisfy:
2imy Gayi =0 Vie[n):a; >0 = (0'z; —o)y; = 1:{Support points} =

N A~ ‘/\ R
f(r) = Zz’GS Oéiyw?a? + W How to compute wg?
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Large Margin SVM

Primal Problem:

Minimize %||w||* subject to Vi € [n] : y;(w!z; +wo) > 1, w € RP, wy € R

Lagrangian: L(w,wo, ) = 2||lw|]® = > o (yi(wlz; +wo) — 1), weRP,wy € R, € RY.

: Dual Problem: Maximize —z Z” QGO Yy, € R?
n Ve
— . iUz s . . . N .
2i=1 CiliTs Solution W, g, & satisfy:

W
2i=1 GiYi =0 Vien]:a; >0 = (@0'x; —o)y; = 1:{Support points} =

f(r) = Zz‘es &zyzxzx + wWo

VieS:1=f(x))y = ZZES &iyiyjaj;@rwj + WoY;

% 31) S o SeeNE Cosme LOUART - STA4042 9/12

of Hong Kong, Shenzhen BRKEER



Large Margin SVM

Primal Problem:

Minimize %||w||* subject to Vi € [n] : y;(w!z; +wo) > 1, w € RP, wy € R

Lagrangian: L(w,wo, ) = 2||lw|]® = > o (yi(wlz; +wo) — 1), weRP,wy € R, € RY.

Dual Problem: Maximize —= Z” L OGO Y T Y e, o € RY

W = Zn_ &Zy@xz : .
=1 Solution 0, wq, & satisfy:
n N
. 2 = 0 |
2i=1 Qs Vi€ [n]:a; >0 = (Wlx; —bo)y; = 1:{Support points} =
o y; =1
f(r) = coGiyszi v+ g
Vi€ S:1=f(2)y = ics Qiviy;T; T + Woy; = Wo =Yj — s Qili%; T
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Large Margin SVM

Primal Problem:

Minimize %||w||* subject to Vi € [n] : y;(w!z; +wo) > 1, w € RP, wy € R

Lagrangian: L(w,wo, ) = 2||lw|]® = > o (yi(wlz; +wo) — 1), weRP,wy € R, € RY.

Dual Problem: Maximize —z Z” QGO Yy, € R?

W = QY5 o .
D iz Gl Solution W, g, & satisfy:

2imy Gayi =0 Vie[n):a; >0 = (0'z; —o)y; = 1:{Support points} =

f(r) = Zz‘es C%yzxrfa:‘ + wWo
Vi€ S:1=f(2)y = ics Qiviy;T; T + Woy; = Wo =Yj — Pjes QGili%; T

In practice averaging: W = I_él Y ies VUi — Yies Givit] T
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Large Margin SVM

Primal Problem:

Minimize %||w||* subject to Vi € [n] : y;(w!z; +wp) > 1

Dual Problem:

“Linearl
Maximize — = ZZ —1 QQGYYTT g+ > separabl}e/
Subject to « € R, >~ | ayy; = 0. data”
- A f(xz) >0
f(x) =w" x4+ o . y=+1
& =0
with: w = Z&zyzwz S = {Z POy > O} >
Z’ES f(z) <0
. =1
Wy = \S! Z Yji — Z iy Z -
JES ieS N

B % X X £ R g S\ e Cosme LOUART - STA4042 10/12
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Soft Margin SVM

Il
Primal Problem:
Minimize %||w||* subject to Vi € [n] : y;(w!z; +wp) > 1
N e ° o _  “Non linearly
® o separable
© e 0 data”
¢ ® 0 ®
. .
[ o ® o
° o e O o
®e
® o ® PY >
o

K 8 R ) (SR Cosme LOUART - STA4042 iz
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Soft Margin SVM

Primal Problem:

Minimize Z[jw||* + C' > " & subject to Vi € [n] : y;(wla; +wo) > 16, & >0

N e ° o _  “Non linearly
® o separable
. © e 0 . data”
0 . °
o o® ©
° o e O o
)
° o * . >
®
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Soft Margin SVM

Primal Problem:

Minimize Z|jw||* + C' > " | &, subject to Vi € [n] :

Dual Problem:
Maximize —3 Zz =1 QXYY Li Ly + Zz 1 Y

Subject to « € [0, C]™, Y71 auy; = 0.

(Same kind
f(z) = Wl =+ Wy of inferences
as before)
iES
A T
wy = S| Zyg Z%‘yisz’ Lj
jes 1€S

I
of Hong Kong, Shenzhen

BB EER

yi(wT%‘ +wg) >1-&, & >0

e ° o _  “Non linearly
® o separable
AP data”
¢ 0

PY ®

[ o ® o
P o e O o
)
®
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Soft Margin SVM

Primal Problem:

Minimize Z[jw||* + C' > " & subject to Vi € [n] : y;(wla; +wo) > 16, & >0

Dual Problem:

“Non linearly

separable
data”

Maximize —3 Zz =1 QXYY Li Ly + Zz—l &y

Subject to « € [0, C]™, Y71 auy; = 0.

f(.il?) — UAJTQ? -+ UAJ()

€S

Wy = ‘S’Zy] Z@z‘yz’ﬂ??%

1E€S 1€S

£ Xk %GR Csjﬁf\?ﬁosiggwca Cosme LOUART - STA4042 11/12
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Soft Margin SVM

Primal Problem:

Minimize Z||w||* + C' > " & subject to Vi € [n] : y;(w!z; +wo) > 14,

Dual Problem:

Maximize —3 Zz =1 QXYY Li Ly + Zz—l &y

€¢>O

“Non linearly

separable
. n 1

Subject to a € [0, C"™, > ., a;y; = 0. data

f(z) ="z + b .

with: w = E QY T >

iES ..
® ® Well classified, « = 0
W = S E Y — E &Y ZC;T T e o Badly classified, o = C
‘ ’ jes icS ® ® Support vectors, a € (0, C)
7}} % ‘:P < }’\ o (o i}l]) SCHOOL OF )
& The Chinese Umvers1tyof I—jllz)ngKong Shenzhen CSj :: ;’;\ ’;I_C;{E;cp; Cosm e LO U A RT STA4O42 ].1 / 12




Kernel trick with SVM

Subject to: @ Vie [n|:0<a; <C

n
¢ ) =0
i=1

Then:
¢ f Z azyz$ T 4 wo
€S
wo = S| Z Yi = ) Gy o
1€S JES

G ) Sgg'T'R%IEgENCE COsme LOUART . STA4042 ]_2/12
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Kernel trick with SVM

Minimize: szzl oYy K () = >0y

Subject to: @ Vie [n|:0<a; <C

n
¢ ) =0
i=1

Then
¢ f(t) — OA‘zyz’K(xa 37@) + W
1€S5
\
. 1 X
® Wy = ] Z Yi — Z%’%’K(ﬂfjaxi)
ER A= ,

B R $ R a) (SR Cosme LOUART - STA4042 iz
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Kernel trick with SVM

Il

y=0.1,C=0.001 y=0.1,C=1000 C. n n

15 : y Minimize: Zi,j:l QY Y () — Y oy
| [ |

1.0 - ny - 1

"i..lA:.f’ p l'i..lA:l.f N

X 054 mum Al | . 1 i Eg Al L . . .
2 | A w0 g b . msf 44 Sybjectto: e Vien|:0<q; <C
oML A, | g4 L Y, Bt
o £4a . R 0 fﬁ‘l . N n

ot 4 * )0y =
-1.0 T I T | | | | | | I I T I T =1
- y=5,C=0.001 y=5,C=1000 Then
101 ) "u ] ) "u o f(1)= iy (0, ) + g

'-f.l.A:.'f.f ) 'l‘.l.‘:..f.f A 1€S

X577 :l.- ‘: mas Ao A ] ..l.- ‘: e 4a A 1 A
e B A [ | gy B A A A
o WIS Gt n At TN M e tAt| e Yo=g ) | v D du K m)
AAA A‘AA AAA A“ “AA AA‘ ‘S’ . S . S

-0.5 A A A‘AiA 3 A A AAAQA 1€ iS )
-1.0 | I T I | | | | | | | T

|
-15 -10 -05 00 05 10 15 20

X1

|
-15 -10 -05 00 05 1.0 15
X1

2.0

Exmple with K (x, z) = exp (—’YHSU — ZH2)

oy A BT LR F ORI
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