Statistical learning - STA4042

Exercises sheet

Exercise 1: Multi-label Classification

Let us consider a discrete random variables Y : Q@ — Y = {a1,...,ax} and a continuous random variable
X:0— X =R%L

1. Recall that X has a density given by
K
S e
k=1
for some f : R x Y — R, measurable.
2. Show that the Bayes classifier is

*(x) € argmax f(z,a).
g"(z) € argmax f(z, a)

3. In the case of binary classification where K = 2 and a; = 0, as = 1, find the Bayes classifier.

Correction

1. The question might be quite technical because X is a continuous random variable and Y is a discrete
random variable (to be fully rigorous, one should employ here Radon Nikodym theorem). Let us just
say that by definition of joint probabilities:

then we obtain the result denoting f(z,ar) = p(X = z,Y = ay).

2. We only saw the binary class example in the course, let us first show that the Bayes rule for the
misclassification error I(z,y) = 1,,, writes:

f(z) = argma};}(P(Y =a| X =2x).
ac

Given a decision function f: X — Y, let us compute:

K
Z E[]lf(X):ak Ly tay, | X]‘|
k=1

R(f) = E[l(f(X),Y)] = E[lyx)2y] = E[E[1fx)2y | X]] =E
K
> P(f (1_P(Y:ak|X))]

K
= [Z [1yx)=ar JE[Ly a; | X]
k=1
=Y P(f(X)=ay) —E [Z 1yx)=a, P(Y = ay | X)}
k=1 k=1

> E[1-P(Y = f7(X) [ X)] =P(Y # [*(X)) = E[Lyf-(x)] = R(f")

since:
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o« I P(f(X)=a) =1
o Vk € [K]: P(Y = f*(X) | X) > P(Y = a; | X).

The fact that R(f) > R(f*) for any decision function f exactly means that f* is the Bayes rule. Now,
recalling that for any a € Y and = € R? such that px(x) > 0, we have

PY=a|X=2)=

one can conclude that:

g"(z) = argmax f(z,a) =argmax P(Y =a | X = 2)px(z) =argmax P(Y =a | X = z) = f"(x).
acy acy a€y

3. In the binary classification case if a; = 0 and ay = 1 we retrieve the Bayes rule given in the course:

9" (x) = argmax f(z,a) = L{f(,1)> f(2,00} = Lpy=1 |x=2)>1
ae{0,1}

since P(Y =1 |X =2)+P(Y =0 |X =z) =1 and therefore:

P(Y=1|X=2)> — PY=0|X=2)<PY =1|X =a).

N

Exercise 2: Non symmetric classification

We consider the binary classification problem where Y ~ B(p) and

X|Y =0~Uu(0,1/2)),
XY =1~u(0,1]).

1. Determine the cumulative distribution function (CDF) of X and its density px.
2. For any z € [0, 1], compute E[Y'1x<,].

3. Show that, for any z € [0, 1],
BY Lyed) = [ " (@px(w)du,
0

where np(z) =Ep[Y | X = z] is the regression function.

4. Determine the conditional law of Y given X = x and find the form of the Bayes classifier.

Correction

1. X is supported on [0, 1], so its CDF Fx satisfies Fix(z) = 0if z < 0 and Fx(z) = 1if « > 1. For
z € 0,1]:

Fx(z)=P(X <2)=PX <z |Y=0PY =0)+P(X <z|Y=1PY =1).
One can then compute:
e Vze[0,1: PX<z|Y=1)=[Jdu=uz
eV e[0,3): P(X<2|Y=0)= [ 2du=2zandVz e[}, 1 (X <z|Y=0)=1
Therefore:
o Vz €[0,3]: Fx(z)=22(1—p)+ap=(2—p)z

2
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o Vz € [1,1]: Fx(z)=1-p+ap,
Putting everything together, one obtains:
Fx(z) = (2=p)rlp1/(x) + (1 —=p+ap)lyjey(@) and px(z) = (2 —p)lj,1/2/() + L2 (@),

where the density px is obtain from a simple differentiation of the cumulative distribution function.

2. The possible values for Y1x<, are 1 and 0, therefore:
EYlx<,=P¥lx<,=1)=PY =1,X<z)=PX<z|Y=1)PY =1)=up
3. EYlx<.] = E[E[Y1x<, | X]] = E[lx<.E[Y | X]]
—BLxeor ()] = [ e Ghpx(du = [ (s (w)da
4. First note that:
n'(x) =PY =1]X =),
and the Bayes rule of binary classification then writes:

97 (@) = Ly @)>1/2-
Second, differentiating the two expressions of the mapping x — E[Y'1x<,] given in questions |2 and
provides the identity:
n"(z)px () = p.
Thus:
p .

£ ifrelo,1/2

’ [0,1/2]

1 if z € [1/2,1].

1. ., ifeel1/2
gix)=4 =7 ,
1 if x € [1/2,1).

Exercise 3: Least Squares, Ridge, and Lasso in Dimension 1

Given two random variables z : 2 — R and € : 2 — R we consider the random variable:
y=pB"z+e (1)
for a given 8* € R that we will try to estimate. The goal of this exercise is to compare, given a data set

((z1,91),---, (z1,y1)) € (R?)™, the least squares estimator:
1 n
3(MC) ¢ . A2
B argmin — ;Zl(yz Bxi)”,
with the ridge estimator

n

A(R) . l o 2 (R)|12
By Eal“glglel]%nZ(yz Bzi)” + 1187,

=

and the Lasso estimator

n

A(L) 1 2 (R)
S - i — i .
By argglel]gn;:l(y Bxi)* + 18" 1L
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1. Write the expression of the least squares estimator M%) in terms of {(zs,9:),i =1,...,n}. Compute
the bias and variance of this estimator.

2. Write the minimization problem that the ridge estimator must solve in this framework and compute
its bias, variance, and quadratic risk.

3. Give an expression for the point z* € R where the minimum of the following function is reached:

f(z) = alz| +bx?® + cx, = €R, witha,b>0and c€R.

C a
= (1-—) .
; 2b< |c|>+

4. Compute the solution to the minimization problem for the Lasso estimator.

Show that:

Correction

1. Let us denote X = (z1,...,2,) € R Y = (y1,...,yn) E R and E = (¢y,...,8,) € R®*! (X is
a row vector and Y, E are two column vectors). Since X X7 = || X||2 > 0, the objective function has a
unique minimum:

XY

MO = (XXT)TIXY = .
111

One can then compute the expectation:

5 X(XTB* +E)
E[fMO] = E [ =5
X112
thus the bias is equal to zero.

Besides, the variance computes:

V[BOO)] = VIBMO) _ g [XE} _E [

1XT2 XEETXT} -7 {XXT]‘(’ [ 1 }

11 X1 X1

2. We have seen in the course that the Ridge regression admits a unique solution that writes:

B(R):ll Xy XY (1_1 Y ):B(Mc)(l_M)_
T XPP ey IXIP I X2+ I XI12 +

The expectation is:

SR _ 1X(XT/5*+E)]: [1||X|25*}:_ {7] \
4] E[n X+ |- TxE) - et

the bias thus expresses:

Bias® = _E [7 } ",
TXET,) "

. . MO A

note in passing that E [%} =E [W} B* (although SMC) and |X||2 are two dependent
T g* *

random variables). Let us recall the identity W - B = %, the independence between

4
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X and E, that E[E] = 0 and let us denote o = E[¢?] (then E[EET] = o1,,). The variance expresses:

)
(}zXE—vﬁ ) —’YQE{ 1 ]25*2
SIIXN2 + SIXZ +

SIX02 + no LGIX2 + )2 FIX02 +

1 o L ||AXV||2 1 2
2 *QE E n 2 *2
=7 ﬁ |: :| |: Y E ﬁ
(rlz”‘(”Q ))2 v (;”‘(”2 ))2 ;”‘(”2 Y
(2)

The mean squared error (MSE) for the estimation of 5* (in exercise 4, we will express the mean square
error for the estimation of V') is given by:

VAP = VBT - 5] =E

1 2 4
)+ e 7 [ HIX] P P
MSE(3(®)) = V[3®)] 1 Bias®2 = 7 [” o) B il I
e w7 [ e 1

. Note first that f is strictly convex as the sum of strictly convex functions. It has a left and right
derivative at every point (equal for = # 0). Its subdifferential is: Note that f is differentiable on R*
and R and we have the expressions:

Ve>0: f'(z)={a+2bx+c} and Ve<0: f(x) ={—a+2bx + c}.
If the minimum is reached on:
e x>0, then a + 2bx + ¢ = 0 and therefore:

—a —C

2b

xr =

which implies in particular ¢ < —a since z,b > 0.
e <0, then —a + 2bx + ¢ = 0 and therefore:
—a—c

2b

Tr =

which implies in particular ¢ > a since x,b < 0.
e £ =0, then Vi >0: f'(—t) <0< f/(t), and one can let ¢ tend to zero to obtain the inequality:
—a+c<0<a+c = —a<c<a.
Thus, relying on the identity (recall that a > 0):
a—+c

ife< —a

a C
1—) = c—a f
>
( |C| " - 1I C a

0 if —a<c<a,

which allows to retrieve the solution given in the question.

. The Lasso estimator solves the minimization problem: The estimator minimizes the objective function:
FB) = =XTB)T(Y = XTB) +4|8] = [[Y[* = 2XY B+ || X[*6% + 715].

This boils down to minimizing the mapping f introduced in question 3. with a = v, b = || X|?,
c=—2XY, plus a constant Y 'Y (irrelevant for optimization). Therefore, the solution is:

B:YTX 1-_ 7 — BMO) (1 _ Y
X1 21XY1) 2XY1)

5
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Exercise 4: Properties of the Ridge Estimator

We consider here the same model (1)) as in the previous exercice but this time X : Q — R¢ and g* € R%.
The Ridge estimator, given regularizing coefficient v > 0, expresses:

N 1
B = E(XTX +4D)IXTY.
1. Show that the estimator:
n
B(R/) = argmin (Z(Y, - Xiﬁ)2> ,

BERY,|IBII<M, \ ;=7
with M, = 1 |QXTY| and Q = (X "X +~I)~! is equal to B(R).

T n

2. Express the squared norm of the bias of BA(YR) in terms of the eigenvalues A1, ..., Aq (with multiplicities)
of XTX:

R) ._ A(R )2
B = |E[3™] - 5.
3. Express the variance:
ViR —E [ 3% — BB,

in terms of the noise variance o2 and the eigenvalues \q,. .., \q.

Correction

1. Let us introduce the mapping fo : 8 — >, (Y; — X;8)?. The constrained problem ensures that
||5(R/)|| < My = ||ﬂ’(yR)H~ Besides since BSYR) satisfies the constraint, on also has the inequality
Fo(BED) < fo( EYR)). Therefore:

Fo(BE) +~]18F) )2 < fo(BR)) + /|82

By uniqueness of the solution of the Ridge regression problem, that implies that (&) = g(%),

2. We compute:
2 1 1 * * *
E[A{P] = ~E[QXY] = ~E[QX(X"p" + E)| = 5" —1E[Q]5".
Therefore Bias? = y23*TE[Q]?3* and if we denote P, the orthogonal matrix that diagonalizes X "X
as PTXTXP = D, with D = diag(\y, ..., \q), one obtains the form:
Bias? = 426" TE[P~}(D + 1)~ P25,
which is not very helpful.

3. Let us compute:

2
V5 [B9) =V, [0 — 5] =E

|05 + zoxE
n

" 1
- e |ras+ x|
O .
=+*8""E Q%] B* + EE [TF(XTQQX)] - Blasi
o
=26"T (E[Q*] —E[QF) 8" + 2B [Tr(Q — Q) -
One can check that it is possible to retrieve (|2)) in the case p =1 (then Q = 7”)("21/1#”).

6
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Exercise 5: Square of the resolvent

This is a difficult problem (too difficult for a final exam exercise). Let us consider again the model (I)):
y=a'f" +e,

with x : Q@ = RP ¢ : Q — R, two independent variables and 8* € R? a deterministic vector.

1. Given a train data set X = ((z1,¥1),- .-, (Zn,¥n)) and a test data (z,y), express the train MSE and the
test MSE for the estimation of Y with the Ridge regression as a function of X = (z1,...,x,) € RP*P,
z and B*. For that, introduce the resolvent matrices Q = (yI, + 2 XX7)~ and Q = (yI, + 1 X7 X)~!

2. We will now try to estimate E[Q?]. Recall from the course the notation:
; 1 7
Vi € [n] : AN=1——x;Q_;z;
n

where Q_; = (vI, + 2 X_;XT,)"  and X_; = (z1,...,2i-1,0,%i41,...,2n) € My, and the identities:

1 _ml:z: — —iZ4
We further introduced the deterministic matrix:
- v\ !
VA eR: Q~ = <’ylp + A) with ¥ = B[z} |

and the scalar A € R solution to:

A= m(zQh),

To be able to set concentration results, we assume, as in the course that the matrix X has independent
columns and that it is a A-Lipschitz transformation of a Gaussian vector Z ~ N(0, ;). Assuming
that 2 and ||X|| are both bounded with a certain constant independent of p, n, g, first bound without
justifications the following probabilities (employing some constants C, ¢ > 0 independent with n,p, q):

° P(‘Ai—[\‘zt)
o P ‘uTQ le‘ >t)

(
( x; Q_iEQu‘ > t)
P (

| ral Quizi — S Tx(E[Q-i]D)[ > 1)
3. Given a deterministic vector v € RP and a deterministic matrix A € RP*P  such that |lul| < 1,
[IA]] < O(1), estimate:

u"QA(Q — QM)u,
and deduce that:
T _ Ak sk, TH(EQAQ) 1 1
Elu* QAQu] = u' Q*AQ"u i u' E[QXQlu+ O (ﬁ)

4. Playing on the value of A, give an estimate of E[Q?] and E[QXQ] and deduce an estimation of the
train and test MSE of the Ridge regression.
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Correction

1. Let us introduce S solution to the minimization problem:

1 n
B =argmin— > (V; — X,8)* + 8]’

n
BER i=1

then /3 expresses:
1
B =-QXY,
n
and one can defined the train and the test MSE as:

1
MSE, = ~E[|IX"5 - Y|P and MSEis = E [||lz75 — y[|°],

where z is an independent copy of any column of X and y = x73* + ¢ as described by the model.
With the notations we introduced, recall that:

QX =XTQ and %QXXT =1,-Q

With the notation E = (g1,...,e,) € R" and n = E[¢?], one can then express as seen during the
course:

2
* MSE, = LE[Y7QY]

2 2
LR [3*XQ°X78] + LE [Te(ETQ?E)]

. 3277 -
=FE[Q -7 B+ - T(EQY)
[ 2

e MSE:y = E (:LxTQX(XTﬂ* + E) - xTﬁ* - E) ]
- 2
<1zTQXE)

n
—E[(2”(, —1Q)8" — 2" 5")"| + 5 Tr (B [QXXTQ] T) + 1

= VE[37QRQ8"] + 1T (E[Q? —1Q] T) +1

=E[(=" (L, — Q)8 —75")’| +E +E[2)

2. We can bound from the course:

[u"Q_izi| > 1) < Ce*

xiTQ,iEQu‘ > t) < Ce™ ¢
1LaTQ_sa; — LTr(E[Q_,]S)| > t) < Cemnt” 4 Cee,
3. Now, employing as in the course the identities:

Qizi

Q—ﬂ?ﬂf@—i
A; ’

Qu; = L

and Q=0Q_;+
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and the resolvent identity, one can estimate:
" I [ A (2
T _ AA _ T Af=_ . T
E[u 0A (Q ) )u} - E'_I:IE ' QAQ <]\ mx)Qu}

1 Z”:E UTQA?EQU] 7%2”:E
=1

A

uTQAQAxixlTQiu]

A A
n TO) T O A0 2T .
. i ZE lu szxzmz Q:ZAQ Zix; Qzu] +0 ( Rz >

Iy 'uTQ_iAQAEQ_iul 1y luTQ_iAQ”xix?Q_iu]
n
i=1

AA; vn

where we replaced a A; with A and added a small error of order O(1/y/n) since we know that A; is
almost constant as pictured in the previous question. The independence between x; and Q) _; provides:

AOA , AOM . ,
5 [17Q-iAQ EQ_zu] . UTQ—zAQ~$z$¢TQ—zU].

A A

Besides, the same concentration as the one of A; happens for %xiTQ_iAQAxi that we can replace with
%Tr(EQAAQA) which finally leads to:

~ X 1 & uTQ_ixi:cZTQ_iu 1 ~K xR K
E [UTQA (Q _ QA) u} = ;E { v ] ~Tr(2Q1AQY) + 0 (\/ﬁ>

i~ UTE[QEQ]u K
Tr(ZQ*AQN) — "+ 0 (\/ﬁ> :

which is exactly the looked for result.

. Taking A = ¥ in the above result provides:

WTEQSQu = Q8GN — LD TEigslu + 0 (\/Iﬁ) |
and therefore:
T _ uTQAEQ[\u
wEQXQu =17 L Ti(205Q)

one can then inject this new value in the initial estimate to finally obtain for any deterministic matrix

A € RP*P;

I L WTOMEOM |
Elu’QAQu] = uTQ*AQ u — Tr(2QA ~UQ — +O<>
4TQAQu] = QMG N~ TH(EQAQ) g = E s + 0 (=
Most of the terms appearing in the mean square error formula can now be estimated, one is just left
to estimating LE[Tr(Q)]. Note first that one can use the formula:

.1, . 1 - 1

Q=-00Q-IL)+ I, =7l — —QX'X =9I, - —X"QX
v ny wy

and noting that:

n

2O _.x. ~
E[T(XTQX)| = LS E[TQu] = - Y E [Q] - Lnmah,

A
i=1 i=1 v
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one can finally estimate:

LEITY(QM)] = B | Tr(01, = - XTQX)*| =% + — B [Tn(X"QX)] +

E[Tr(XTQXXTQX)]

n TL2’}/2

2 ~ i 1
="+ o T(EQ) + 5E [Tr(XTQ7X)]

n=y
2 2 AA 1 2
=12+ mf\Tr(zQ )+ MQATT(EE Q7))

One then has all the elements to compute the train and test Mean square error as they are expressed
in Question 2.
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